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 Abstract – 

Zero Knowledge Proofs (ZKPs) are cryptographic protocols that allow one party to prove the validity of a 

statement without revealing any underlying information. This paper investigates the mathematical foundations 

of ZKPs, focusing on their reliance on number theory, group theory, and elliptic curve cryptography. We 

analyze popular ZKP systems such as zk-SNARKs and zk-STARKs, outlining their computational structures 

and assumptions. In parallel, the paper evaluates inherent risks in ZKP implementation, including 

cryptographic assumptions, scalability, and post-quantum security. A risk assessment framework is proposed 

to evaluate both theoretical vulnerabilities and real-world deployment challenges, offering recommendations 

for more secure ZKP adoption in privacy-preserving applications. 

1. Classical Foundations of Zero Knowledge Proofs (ZKP)- 

Origins: The concept of zero-knowledge proofs was introduced in the 1980s by seminal works of 

Goldwasser, Micali, and Rackoff, defining interactive proof systems and formalizing the properties of 

completeness, soundness, and zero-knowledge. 

Interactive vs Non-Interactive Proofs: Early ZKPs were interactive; non-interactive variants (e.g., using 

the Fiat–Shamir transform) enabled practical applications, especially in distributed systems and blockchains. 

2.Modern ZKP Systems: zk‑SNARKs, zk‑STARKs, Bulletproofs, - 

Zk‑SNARKs (Succinct Non‑Interactive Argument of Knowledge): known for compact proof sizes and fast 

verification. Relies on cryptographic assumptions like elliptic curve hardness; many SNARKs require a 

trusted setup (a Common Reference String, or CRS) which, if compromised, undermines the system.  

Zk‑STARKs (Scalable Transparent Arguments of Knowledge): introduced as an alternative that avoids the 

trusted setup, uses hash-based primitives (more transparent), and provides better resistance to quantum 

attacks. Trade-offs include larger proof sizes and heavier computational load in some settings.  

Bulletproofs and other ZKP variants: do not require trusted setup; efficient in certain use‑cases (e.g., range 

proofs), but typically slower or with larger verification/proving costs compared to SNARKs in certain 

benchmarks.  

3.Comparisons, Benchmarks, and Performance Trade‑offs 

A recent benchmark study evaluated zk‑SNARK, zk‑STARK, and Bulletproof in real‑world scenarios across 

several libraries/languages. Key findings: 
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Zk‑SNARKs had the smallest proofs. 

Zk‑STARKs were faster in proof generation & verification under certain conditions; sometimes SNARKs still 

had slight advantage in verification depending on context.  

A systematic literature review (2015–2023) comparing NIZKP protocols for privacy‑preserving 

authentication (across domains like finance, healthcare) found large performance variance across 

implementations; also highlighted that security analyses are done with diverse methodologies, making direct 

comparisons difficult.  

4.Security, Vulnerabilities, and Risk Analyses 

Vulnerabilities in Implementation: The paper Practical Security Analysis of Zero‑Knowledge Proof Circuits 

(2023) investigates common vulnerabilities in ZKP circuits (especially in languages/frameworks like Circom), 

developing a static analysis framework to detect them.  

“SoK: What don’t we know? Understanding Security Vulnerabilities in SNARKs” (2024) collects and 

classifies ~141 vulnerabilities in real‑world SNARK implementations, defines threat models, and evaluates 

existing defenses. This is key for risk evaluation.  

5.Mathematical Constructs Underpinning ZKPs 

Quadratic Arithmetic Programs (QAPs) are central to many SNARK constructions. They encode circuit 

satisfiability as polynomial relationships.  

Polynomial commitments, error‑correcting codes, hash functions, low‑degree testing, and related algebraic 

tools are core to STARKs and newer transparent or universal SNARKs (like PLONK, Marlin, etc.).  

6.Emerging Themes & Gaps 

Post‑Quantum Resistance: STARKs are considered more quantum‑safe due to hash‑based components; many 

SNARKs depend on elliptic curve cryptography which quantum attacks may break.  

Trusted Setup Risks: Trusted setup in SNARKs poses risk of malicious parameter generation (“toxic waste”), 

or compromise leading to false proofs. Universal or transparent setups (in STARKs or newer SNARKs) are 

mitigating but sometimes costly.  

Performance vs Size Trade‑off: Smaller proofs (SNARKs) vs transparency and scalability (STARKs) with 

associated overhead. Use‑case dependent.  

Implementation Complexity & Human / Software Errors: Circuit design bugs, side‑channel risks, 

vulnerabilities in frameworks have been identified.  

 Structured Outline 

Introduction 

Risk Assessment Overview 

Risk assessment involves identifying, analyzing, and evaluating potential threats to systems or data. 

Traditional models rely on probabilistic analysis, threat modeling, and impact assessments. 

Emerging technologies introduce new risks that aren’t always compatible with legacy risk models. 

 Zero Knowledge Proofs (ZKPs): Mathematical Foundation 
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A Zero Knowledge Proof allows one party (the prover) to prove to another (the verifier) that a statement is 

true without revealing any information beyond the truth of the statement. 

Based on advanced mathematical concepts: 

 

Group theory 

 

Number theory 

 

Elliptic curves 

 

Interactive proofs and non-interactive proofs (e.g., zk-SNARKs, zk-STARKs) 

ZKPs in Security and Privacy 

Provide privacy-preserving authentication — ideal for identity verification without exposing 

credentials. 

Enable confidential transactions in blockchain (e.g., Zcash) by proving transaction validity without 

revealing details. in secure voting, data sharing, and access control systems. 

Risk Considerations for ZKPs 

Implementation complexity increases risk of bugs or exploits. 

Cryptographic assumptions must remain valid (e.g., resistance to quantum computing). 

Lack of standardization can lead to inconsistent security guarantees. 

Scalability issues — especially with early ZKP systems. Emerging Areas & Trends 

Post-quantum ZKPs — exploring quantum-resistant proof systems. 

Hardware-accelerated ZKP computation to improve performance. 

Integration of ZKPs in decentralized identity (DID) and Web3 ecosystems. 

Ongoing research in verifiable computing and privacy-preserving AI using ZKPs. 

Definition of Zero Knowledge Proofs (ZKPs) 

Importance in modern cryptography (e.g., blockchain, authentication, privacy) 

Purpose of the paper: combining mathematical insight with risk evaluation 

 Mathematical Foundations of ZKPs 

Core concepts: 

Interactive proofs 

Completeness, soundness, and zero-knowledge properties 

Mathematical tools used: 

Group theory and cyclic groups 

Modular arithmetic 

Elliptic curve cryptography 

Polynomial commitments and algebraic structures 

Examples:  

zk-SNARK: succinct non-interactive proof system 
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zk-STARK: scalable, transparent alternative using hash functions 

3. Types of Zero Knowledge Proof Systems 

Interactive vs Non-interactive 

zk-SNARKs vs zk-STARKs 

Bulletproofs, PlonK, and other variants 

4. Risk Evaluation and Threat Modeling 

Theoretical risks: 

Assumptions in hardness of mathematical problems (e.g., discrete log problem) 

Quantum threats to elliptic curve–based systems 

Implementation risks: 

Code-level vulnerabilities (e.g., bugs, side-channel attacks) 

Misconfiguration or misuse 

Scalability & performance trade-offs 

Usability and integration challenges 

5. Post-Quantum Considerations 

Impact of quantum computing on current ZKP systems 

Discussion of post-quantum secure alternatives (e.g., lattice-based ZKPs) 

6. Proposed Risk Assessment Framework 

Criteria: 

 

Mathematical soundness 

 

Cryptographic assumptions 

 

System integration 

 

Performance and scalability 

Application of framework to evaluate real-world ZKP systems (e.g., Zcash, Aleo) 

7. Case Studies / Comparative Analysis (Optional) 

 

Compare zk-SNARKs vs zk-STARKs vs Bulletproofs using the framework 
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Assess security, speed, size, and complexity 

8. Conclusion 

Summary of findings 

Recommendations for secure ZKP adoption 

Future directions: research in quantum-resilient ZKPs, improved efficiency, broader aapplications. 
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