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Abstract

The study deals with the concept of Ranked Set Sampling (RSS) as an effective measure to find out the mean
of the population when a sample of small size can be found without measuring or with other methods like
ranking. This study has introduced modified ratio and product estimators to see the population mean under
ranked set sampling and compare them with the existing ones in terms of Mean Square Error (MSE) and
efficiency. The proposed estimators are better than the existing estimators like the mean per unit estimator,
ratio estimator, and product estimator in ranked set sampling. Two tables are used to show the comparison
between the proposed estimator and the existing estimators by using bivariate normal distribution. Empirical
studies using simulations further validate the effectiveness of these new estimators, suggesting their potential

for broader application in statistical analysis.
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1. Introduction

The Ranked Set Sampling approach is utilized in situations in which it is difficult to measure all of the units
that are included in the population, but it is simple and inexpensive to choose units that are included in a
population of a smaller size. In [!! considered RSS as an example of a sampling design for which the inclusion
probabilities are not equal and suggested that the sample mean is an unbiased estimator for the population
mean. Estimation of population mean using exponential and product type estimator is given in ! for ranked
set sampling. Estimation of population distribution function under stratified random sampling given in *). In
[41 RSS literature appear in two survey articles. Estimation of the population distribution function in simple
random sampling using auxiliary variable is given in 1°!. In case of measurement errors, it was given in [6],
Simulation and diverse application of RSS introduced in 7). In 8], showed that the efficiency of the estimator
depends upon the population and magnitude of errors in ranking. A new linear combination of ratio estimators
under ranked set sampling given in ! and % to estimate the mean of the population. Another design of
ranked set sampling called dual sampling can be used to calculate the population distribution function given

in (11,
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2. Methodology

Let (yj[11-%j111)> (Vj[215%Xj[2))s+ -+ (Vjim]»Xjpm))s J = 1, 2, ..., 1 be the ranked set sample obtained from the jth

replication process, where y;p; denotes the i*" judgment order statistics for the variable y.

Some notations and basic results are as follows: Assume that p,and p,, be the population means of auxiliary
and study variables respectively, x and y denotes the sample mean of auxiliary and study variables variable,
correspondingly o, and o,, denotes the population standard deviation. The mean per unit ranked set sample

estimator y,.¢¢ 1s simply the average of the sample observation, given by the formula

=  _N\T m Yi®
Yrss™ j=1zi:1 rm

And its variance is given by

V(yrss):o_yz'l : Z?%(M i) — W )2
rm =1y (@D y

r m2

Also, we are having the following notations

Wecy = E (X117) Wy = E Vjpp)

oy =V (%) = B (i) — bepy)? 5@ =V i) = E Ojp = My@)?
Tx(i) = Hx(@) - Mx Ty = Ky - Ky

Ty () = Tx(@) Ty () Oxyli] = E (xf[i] B Ux(i)) (yf[i] - Uy(i))

Also, we can easily verify the following results

2it1 My(i) = My 2itq My = My,
2t Ty = 0 2t Ty = 0
2iz1 Gozc(i) =mo% - X%y Tazc(i) ity 0321(1') = mcjzz - 2itq sz(i)

X1 Oy(i) = MOy - LiZ1 Tay(i)
3. Existing Estimators

The existing estimators in RSS are ratio type estimator and product type estimator.
3.1 Ratio Estimator Under RSS

The ratio estimator under RSS 1s defined as

YRrss = Yrss i
its MSE is given by

- 1 11
MSE (Yrrss) = m (0y2+R20x2'2R0xy) iz Zﬁl(Ty(i) - R’[;»c(i))2
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3.2 Product Estimator Under RSS
The product estimator under RSS is defined as

Xrss

Yprss = Yrss e
its MSE is given by
_ 1 11
MSE (YPrss) = % (0y2+R20x2+2R6xy) - ;r_nE Zﬁl(ry(i) =+ RTJC(L'))2

4. Proposed Estimator I

}'7 = Yrss [(frss)l-i-ao + (frss)_l-l-ao ]
propl 2 Hx Hx
Where « is a real constant, y,.¢c and X,.; are sample means of study and auxiliary variables respectively

under RSS.

To obtain the approximate expression for bias and MSE of the proposed estimator, we will write ¥,.; and

_ . ,
Xrss In terms of §°’s as

Vrss = uy(1+51) Xrss = Hx(1+67)

_ wy(1+84) 1+6 Uy (14+6 —
Yprop1 = Y > - [(Ux(#x 2))1+a0 + (%)ao 1]

1+6 ag—1
=B [+ ) s+ 8) )

1)
B (14 ) o (14.8,)7H0 )

After solving and including the terms up to degree two in §; and J,, we have
_ (2 2—ag +1)8,°
Yprop1 = Wy (1 + &;+ag 52+% +ag6,0;)

- 2_ay +1)8,>
Ypropt1 — Hy = Hy (61 + a6, + % +ag6,6,) (1)

After taking the expectation on both sides, we can obtain the expression for bias up to the first-order

approximation as

. 1 (ap%-ay+1) _ _ _
Bias (YPropl) = E [% R*V (xrss) +agR Cov (YTss 5 xrss)]

Where R = Y

Mx

Now substituting the values of V(X,s) and Cov(V,s , Xrs5), We get

ias (9 _ L1 @+l pa oo 111 (@’-a+) p2 ym 2
Bias (Vprop1) = p—— [ > R0, + agRoyy, | - rm? [ > R i=1 Tei) T ap R
izt Tay(i) |
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To find out the approximate expression for MSE, first, take square on both sides of (1) and consider the terms

of 6’s up to degree two
(Fpropt = Hy)* =1 2(81" + @ 26, "+ 2a0 8, 6,)
Taking expectation on both sides, we get
MSE (Fprop1) = V(Trss) + @0 °R? V (Xrss) + 2R g Cov(Jrss » Frss)
= % (0% +ag ?R?*0,*+2R g Oy ) - %# IR1(tyw + @ Rix(p)?
Which is the required approximate expression for MSE

To find the minimum value of MSE, we will solve the equation

OMSE Fprop1) _
(24)

0

After solving we get the optimum value of a, as

—CoV(Jrss Xrss)
RV (Xyss)

Optimal () =

Now substituting this value in the expression of MSE, we get

Minimum [MSE (ypropl)] = [1 - pz(}_’rss , JZrss)] V(S’rss)

Cov? (Vrss Xrss)

Where p?(Frss , Xrss) =

\% (fTSS)V(}_’T'SS)
Case 1: When ay=1
- N
— YTSS xTSS
Ypropt = —5 [( P ) + 1]

Which is the average of the mean per unit and quadratic product type estimator in the RSS

Case 2: when ay =0

Xrss Hx

Ux Xrss

ypropl = Vrssl
Which is the average of product and ratio type estimator in RSS

Case 3: When ay = —1

}_’propl = }_’255 [1+ (—#_x)z]

Xrss

Which is the average of the mean per unit and quadratic ratio type estimator in the RSS

Comparison with yg,

MSE (¥grss) — Minimum [MSE (}_’propl)] = [(p(yrss ) frss)\/v(yrss) - R\/V (Xyss )]2 =0

Which shows that ¥,,.o,1 is always more efficient than yg
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Comparison with yp,.g

MSE (}-’Prss) — Minimum [MSE (}-’propl)] = [(p(yrss § JZrss)\/v(}-’rss) + R\/V (frss )]2 =0
Which shows that y,op1 is always more efficient than yp,.g

Sinha AK"?! and Alam, R., Hanif, M., Shahbaz, S.H. e al'¥! also showed that the suggested estimators are

better than the ratio and product type estimators.

5. Proposed Estimator 11

_ 14110 —]:Fao
- _ VYrss Ux Ux
=22 (2 + (2]

Xrss Xrss

Where «a,is a real constant, V,.c and X, are sample means of study and auxiliary variables respectivel
0 rSSs rSs

under RSS.

To obtain the approximate expression for bias and MSE of the proposed estimator, we will write y,.c; and

_. X
Xrss In terms of §°s as

Vrss = uy(1+51) Xrss = Ue(11+63)

= _uy(1+51) [ Mx 1+a Hx a —1]
Voo == | Gyt Gy

ty (1+641) P
== [(L+ 8) 70 H((1+ )

—ap+1
]

After solving and including the terms up to degree two in §; and §,, we have

2+a0 +1)622

}_’propz = Uy (1 + 61' o4 62+ G - Qg 6162)

(0_’0 2+0(0 +1)622

}_’propz - Ky = Hy (61 —ap by + s @y 616;) (2

After taking the expectation on both sides, we can obtain the expression for bias up to the first-order

approximation as

. 1 (ap%+ag+1) _ _ _
Bias (YPrOpZ) = ll_y [ =0 2010 R*V (xrss) -aoR Cov (Yrss > xrss)]
_Hy
Where R =—=
Mx

Now substituting the values of V(X,s) and Cov(V,cs , Xr55), We get

1 (ap?+ag+1) o o 11 1 (@?+a+1) 2 wm .2
= [ R%0," - aORny I - === R i=1Tx(@) - aoR

. _ 1
Bias = —
(Ypropz) rm 2 rm2 yuy, 2

2im1 Tay(i)

To find out the approximate expression for MSE, first take square on both sides of (2) and consider the terms

of 6’s up to degree two
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(Tpropz = Hy)® = 1y?(8:" + 9 28,7~ 200 6167)
Taking expectation on both sides, we get
MSE (§prop2) = V(Trss) + @0 *R? V (Xyss) - 2R ag Cov(Frss » Frss)
= ﬁ (0y%+ag 2R?0,%-2Rag Oyy) - %# Y1ty — o RTy()?
Which is the required approximate expression for MSE

To find the minimum value of MSE, we will solve the equation

OMSE (Jpropz) _
Qo

0

After solving we get optimum value of « as

Cov(¥rss Xrss)

Optimal (@) = =072

Now substituting this value in the expression of MSE, we get

Minimum [MSE (}_’propz)] =[1- pz(}_’rss s Xrss)] V(Irss)

Cov? (Jrss Krss)
V (&rss)V (Trss)

Where pz (rss » Xrss) =

Case 1: When ag=1

_ y %
Yprop2:$[<_x) +1l

xT'SS
Which is the average of the mean per unit and quadratic ratio type estimator in the RSS
Case 2: whenag =0

Xrss 4 Hx

Yprop2 Vrssl e T Bres

Which is the average of product and ratio type estimator in RSS

Case 3: When a, = —1

_ _\2
- _ Yrss Xrss

Ypropz = 7, [1+ (#x) ]

Which is the average of the mean per unit and quadratic product type estimator in the RSS

Comparison with yg,.¢s

MSE (}-’Rrss) — Minimum [MSE (ypropz)] = [(p(}-’rss , frss)\/v(}-’rss) - R\/V (frss )]2 =0

Which shows that y,,op is always more efficient than ygg
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Comparison with yp,.g

MSE (}-’Prss) — Minimum [MSE (}-’propz)] = [(p(yrss , JZrss)\/v(}-’rss) + R\/V (frss )]2 =0

Which shows that y,op is always more efficient than yp,.g

6. Result and Discussion

We perform a simulation study to verify the results of the proposed estimators. A total number of 1,000
samples are drawn from bivariate normal distribution BVN (200, 100, 4, 4, p) for p = -0.7,-0.5, -0.3, 0.3,

0.5, 0.7 under RSS. The efficiency of an estimator A with respect to y,.ss to estimate the population mean is

MSE(Yrss)

Efficiency (A) = MSE(D)

The MSE values of Vg5, Vrrss » Yprss » Yprop1 » Ypropz are obtained for different values of n, m, and r in table

1.

The efficiencies of Ygrss » Yprss » Yprop1 » Ypropz With respect to y,¢¢ for different values of p and n are

shown in table 2.

Table 1: MSE (n=12, m =4, r=3)

p | MSE (Jrss) | MSE (Jrrss) | MSE (Yprss) | MSE (¥prop1) | MSE (§prop2)
-0.7 0.33475 1.48903 0.70457 0.09962 0.11618
-0.5 0.33475 1.56394 1.00284 0.12259 0.14332
-0.3 0.33475 1.57367 1.23878 0.13417 0.15696
0.3 0.33475 1.23961 1.57318 0.13428 0.15716
0.5 0.33475 1.00288 1.56033 0.12277 0.14350
0.7 0.33475 0.70402 1.48545 0.09982 0.11643
Table 2: Efficiencies
p | Eff (Frss) | Eff Grrss) | Eff (Fprss) Eff (Fprop1) | Eff (Fprop2)
-0.7 1 0.22481 0.47512 3.36036 2.88125
-0.5 1 0.21405 0.33381 2.73071 2.33571
-0.3 1 0.21236 0.27023 2.49507 2.13270
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0.3 0.27005 0.21279 2.49289 2.12999
0.5 0.33379 0.21454 2.72672 2.33272
0.7 0.47549 0.22536 3.35365 2.87525

It is clear from table 1 and 2 that proposed estimators have less mean square error and higher efficiency than
the existing estimators. It is also seen that for different values of  the proposed estimators reduce to average
of some existing estimators. Also, the optimum value of ¢, give minimum mean square error which is the
same in both the proposed estimators. Our findings indicate that the proposed estimators provide more
efficient estimates under certain conditions, particularly when sample sizes are small and rankings are either

perfect or imperfect.
7. Conclusion

The proposed estimator (1) ¥,0p1 and proposed estimator (2) ¥,,0p2 is found out to be more statistically
efficient than the mean per unit estimator, product estimator, and ratio estimator in RSS. It can be calculated
that the MSE and efficiencies for different values of n, r, and m. But in all the cases it can be seen that the
proposed estimators are much better than the existing estimators. As we increased the sample size, the
efficiency of the proposed estimator was found to be higher. In the same way as p increases, the efficiency
of the proposed estimator also increases. Hence the use of the proposed estimator of population mean would

be more beneficial than the existing ones.
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