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Abstract- Open Pyramid Graph has been defined and identified by BCH/BCK algebras in [5]. In this paper a
closed and a one door pyramid graphs have been identified by positive BCH and BCK algebras. Further, a
closed pyramid graph has been extended and converted into a one door pyramid graph via positive BCH and
BCK algebras.
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81. Introduction
Definition (1.1) : A structure (L , o, 0) where L is non empty set, ‘®’ is a binary operation and 0 is a fixed element
(also called zero element) is called a BCK algebra [1,2] if the elements of L satisfy the conditions:
[B1] 0el =0 foralll €L;
[B2] ((lem)e(len))e(nem)=0;
B3] (le(lem))em=0;
[B4] lel = 0;
[B5] lem =0and mel=0=[0=m.
Lemma (1.2) : Ina BCK algebra (L, ¢, 0) the following conditions are also satisfied :
[B6]Le0 = I;
[B7] (lem)en = (lLen)em;
[B8]le(le(lem)) =lem.
Definition (1.3) : A system (L,e,0) is called
a) a BCH algebra [3], if the elements of L satisfy only conditions [B4], [B5] and [B7] ;
b) a positive BCH algebra, if L is a BCH algebra with additional condition [B1].
Definition (1.4) : Let (L., e, 0) be a BCK/Positive BCH algebra. Then

a) two distinct elements [ and m of L are said to be mutually disjointiflem=[andm e[ = m;

b) [ and m are said to be semi mutually disjointif lem=landme[=0(ormel=mand [ e m=0).
Definition (1.5): A pyramid is a simple graph with one vertex point, say lo, n base points Iy, I3, I3, ...., In and n edges
connecting lo to Iy, I3, I3, ....., In. Such pyramid graph is of order n +1.

Definition (1.6): A pyramid graph is said to be:

a) closed pyramid, if adjacent base points are connected by an edge.

b) one door pyramid, if every point is connected to its adjacent point except two adjacent points. If Iy and lk+1 are

not connected we say that it is one door pyramid with door at [x.

The above concept can also be explained as follows:

A simple graph with vertex point o and edge set E is

a) a pyramid graph if d(lo) =n,d(;) =1 fori=1,2,3,...., nand E = {loly, lola,....,loln}. This graph is denoted
by Py(lo; Iy, b, I3, ..., ln).

b) a closed pyramid graph, if d(lo) =n,d(l;) =3 fori=1, 2, 3,....,nand E = {lols,....,loln, Lils, lols....,Lnaln,
[nl1}. We denote such graph as clPy(lo; 11, Iz, s, ....., ln).

C) a one door pyramid graph if there exists k with 1< k < n such that d(lo) = n, d(;) =3
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fori= 1, 2,...., k-l, k+2,...., n, d(lk) = 2, d(lk+1) =2and E= {loll,....,loln,lllz, l2l3, ....,lkllk, lk+1lk+2,...., lnll}. This is
denoted by odPy(lo; l4, I3, s, ...., Ln).
Such graphs are represented below:

I:\ |[|’-

Pyramid Graph Closed Pyramid Graph

One door Pyramid Graph

82. PYRAMID GRAPHS AND BCK/BCH ALGEBRAS
Here we have developed some results connecting pyramid graphs with BCK/ BCH algebras.

Theorem (2.1) :- Let cIPy(lo; I, I2, I3, ..., ly) be a closed pyramid graph of order n+1. Then there exist binary
operations ‘e’ and ‘A’ on the set L = {lo, l1, l2, I, ...., [} such that (L,e, lo) and (L, A, lo) are respectively positive
BCH and BCK algebras. Further, the graph of disjoint elements of these algebraic structures coincide with the given
closed pyramid graph.

Proof:- Let L= {lo, l1, l2, I3, ...., ln} and let a binary operation ‘e’ be defined on L as follows:

i) ‘e’ satisfies the conditions :
loeli=1lo;, ljely=1l;, =1,2,....,nandl;el; =1, for i=0,1,2,.....,n; (2.1)
i) Lol =l;liqeli=1,fori=1,2,....,n-1 andl,el; =1,;l1el,=1; (2.2)
iii) fori=1,2,....,n-1;j#i,i+ 1landfori =n,j=1let
either [; o [ = [;, Lieli=1,
or ll' (] l] = lO! l] L] ll' = l] (23)

Now we prove that (L,e, lo) is a positive BCH —algebra. We see that [B1], [B4] and [B5] are satisfied from the
given conditions. In order to prove [B7], consider triplets [;, l;;q and [; (j # i,i + 1) where [; e [j=1;, [ el; =1;
li+1 o l] = lO! and l] o li+1 = l]

Then
(Lielip)elj=liej=1; (Lioh)oliyg =10l =1
(ligr o) o lj=1lipi 0 =1, (ligr o) o li=1gel; =1
(Gol)elipi=1lgelip1 =1 (oliy)eli=lel; =1,

In this way we can prove that [B7] is satisfied for all triplets of L. This proves that (L,e, lo) is a positive BCH-algebra.
Also pairs of mutually disjoint elements in this BCH-algebra are {ly,l;},.....{lo.ln}, {li.1o} {Lo, I3}, {1, 1, }
and {L,,, l;}.
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Suppose a binary operation ‘A’ satisfies conditions (2.1), (2.2) of binary operation ‘e’ and
(iv) AL =1; L Al;=1, forrest of the suffixes i,j with i <}j. (2.4)
Conditions [B1], [B4] and [B5] for a BCK algebra are satisfied from given conditions. So we have only to prove
conditions [B2] and [B3]. We see that
LAULAL)) ALy =GAL) ALy =l Al = .

Fori <j,
Thus [B3] is satisfied for all elements of L.

We consider triplets [;, [;,1 and [; where i + 1 <}j.
Then

(LA Ly) ALAAG A L) = A L) Al =o;

and (U1 AW ALt A AGAL) =iy Alip)A Ly = LAl = L.
Taking other triplet we see that [B2] is satisfied. Hence (L, A, [,) is a BCK algebra in which the elements of the pairs
{lo, L} {lo, Lo}, oo {lo, b Ll LY. {1, Ly} and {U,, 1} are mutually disjoint.

This means that in the both cases the graphs of mutually disjoint elements are coincident with the given
closed pyramid graph.
Theorem (2.2):- Let OdPy(lo; L1, 2, ls,..., Lk, lx41,--.» 1,) e @ one door pyramid graph with door at (I, lx4+1). Then
there exist binary operations ‘e’ and ‘A’ on the set L = {lo, l1, l2, I3,...., ln} such that (L,e, lo) and (L, A, lo) are
respectively positive BCH and BCK algebras. Also, the graphs of mutually disjoint elements of these algebras
coincide with the given one door pyramid graph.
Proof:- Let L= {lo, l1, I, L3, ...., [} and let a binary operation ‘e’ be defined on L with following conditions:
a) ‘e’ satisfies the condition (2.1).

b)lieliy1 =0l lizqeli =l fori=1,2, ..., k-1,k+1,...n-1; [, e Ly =1; Lo I, =1y (2.5)

Olgelyr =l i ol =1 (2.6)
d) Condition (2.3) for rest of the suffixes.
As previous results we see that [B1], [B4] and [B5] are satisfied for a BCH algebra. To prove condition [B7] we
consider triplets Iy, ly+1 and I (j #k, k+1) and assume that [y o [; = ly, [j ® [y = Ly, lxs1 ® i = licy1, I @ leq = Lo,
Then

(le @ Lerr)e =L o Ly =1 (L @ lj)e Dieyr =l ® ey = U
(ks o ) [j=1p o L = lo; (Ixs1 @ Lj)o L = liyq @ U = lo;
(o Lo Leyr =g @ L1 = Lo; (olgrr) e Le=1p el =1

For other triplets, [B7] can be proved as above. So (L, e, [,) is a positive BCH algebra. Also pairs of disjoint elements
in this BCH algebra are {ly, 1}, {lo, L2}, - {lo L} {Lilodse oo {le— el ity st Ll Ly and {1, 1 3
Suppose binary operation ‘A’ satisfies conditions (a), (b) and (c) stated above for binary operation ‘e’. Further, ‘A’
satisfies conditions.

e) [ Alj=1;and [j Al; = [, for rest of the suffixes i,j withi <j. 2.7)

Conditions [B1], [B4] and [B5] for a BCK algebra are satisfied from given conditions. So, in order to prove
that L is a BCK algebra with respect to binary operation ‘A’, it remains to prove conditions [B2] and [B3]. We see
that

(1 A (lepr A L)) Al =l Alg) Al =l Al = Lo

Now for k+1 <},
(1 Al A AL =(lky1 Alky) A= o A
and  ((lke1 A L) A (g1 A )AL A L) = (Lo A legq) A 1= L.

In this way we can prove that [B2] and [B3] are satisfied for all elements of L including the case in which j <Kk.
This proves that (L, A, [p) is a BCK algebra. Also the set of mutually disjoint elements in this BCK algebra is same as
that stated for BCH algebra and the graph associated with mutually disjoint elements is the given one door pyramid
graph.

83. Extension and Conversion of Pyramid Graph

Theorem (3.1) :- Every closed pyramid graph can be extended to a one door pyramid graph via:
a) A positive BCH algebra b) a BCK algebra

Proof :- Let cIPy (lo; l1, o, I3, ...., ln) be a closed pyramid graph and let L = {lo, l1, l2, L3, ...., [n}.
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(a) By theorem (2.1) there exists a positive BCH algebra (L, e, lo) such that the graph of mutually disjoint elements of
this BCH algebra coincides with the given closed pyramid graph. Let I, be a point outside L and this point be located
between [, and [;. We assume L; = L U {l;}. Let a binary operation ‘e * be defined on L; as follows:

lie [j=1; ol forall i, jexcepti=n,j=1,

e b=l (3.1)
lye li=1,, lyo 1, =1; (3.2)
lieo I; =1, lie li=1, (33)
lpe =1, Lo lo=1; (3.4)
lie lo=1;, Lee li=ly; i=1,2,........ ,n-1 (3.5

Now we prove that (L1, e, , lo) is a positive BCH algebra. It is easy to verify conditions [B1], [B4] and [B5]. To prove
condition [B7] we consider triplet {l,, , ., [;}. We see that

(Ino L) Ly =10 1) =1y (lne L))o Li=1lye I =1,
For triplet {l,, , I, , [;}, i =1, 2, ...., n-1, we have,
(ln e lt) e li = ln o li = ln . li; (ln e li) e lt = (ln O li) O, lt = ln b li-

Thus the condition [B7] for BCH algebra is satisfied for this binary operation. This proves that (L1, e, lo) is a BCH
algebra. The graph associated with mutually disjoint elements is a one door pyramid graph with door at [;.

(b) Again there exists a binary operation ‘A’ on L such that (L, A, [,) is a BCK-algebra [theorem (2.1)] and
the graph associated with mutually disjoint elements of L is the given closed pyramid graph. Let [, be a point between
[, and ;. Let A, be a binary operation defined on L; =L U {l;} as given for ‘e’ in conditions (3.1) to (3.5) with
replacement of ‘e’ by ‘A’ in (3.1) for others remaining suffixes.

In order to prove that (L1, A, lo) is a BCK algebra we see that (B1), (B4) and (B5) are satisfied. We need to
check conditions (B2) and (B3) for certain specified points. We consider triplets {1, , l; , [; with i <n}.

Then  ((lh AL) A (ln ALNA (I A L) =(In A L) A, L=y A L) = lo;
(e A L) A QA W)A (A )= A o) A L= A L) = 1o;
(LA )A GA A A L)=0A LA L=,
Further, (LA (LA L) A Iy =(LAL) A L= 1, A L, =1p;
(lt A. (lt A. ll)) A. li = (lt A. lO)A. li = lt A. li = lO'
In this way (B2) and (B3) can be proved for other elements of L:. So (L1, A, , lo) is a BCK algebra such that graph
associated with mutually disjoint elements of L; is a one door pyramid graph with door at I,.
Theorem (3.2):- Every closed pyramid graph can be converted into one door pyramid by redefining the binary
operations but retaining the structure.
Proof:- Suppose that clPy (lo; l1, I3, I, ...., L) is a closed pyramid graph.We assume that we want to convert this
graph into a one door pyramid graph with door at I.
As discussed in theorem (2.1) there exists a positive BCH algebra (L,s, lo) such that the graph of mutually disjoint
elements of the BCH algebra coincides with the given closed pyramid graph. We consider the point Ix. We redefine a
binary operation ‘e ’ on L as follows:
li L l] =li‘l]' for i,j=1,2, ...... Ck, k+1,...... ,n (36)
beo L1 =ley v o k=1 (3.7)
We prove that (L, e , lo) is a positive BCH-algebra. We see that (B1), (B4) and (B5) are satisfied for the above defined
binary operation. We need to prove (B7). We consider the triplets {ly, li+1, lj,j #k, k+1} such that
leolj=1ly, ljolx=1lg lxgr @ lj=lo, Iy ® lgq = (3.8)
Then, (lxelks1)e, G=lce = Lcolj=1; (e e, bepr = e, lkpr = b
(g1 @ ) o Le=1 e, b =1p; (g1 e L) e =150 =1,
(o b)e lupr =1 e, lxpr =lo; (o lxgr)e lu=1jo L=l
This means that (B7) is satisfied. Hence (L, o ,lo) is a positive BCH algebra such that the graph of mutually disjoint
elements is a one door graph with door at Iy,.

Further we see that (L, A, l,) is a BCK algebra such that the graph of mutually disjoint elements coincide
with the given closed pyramid graph. We want to have a door at the point [ (k < n). For this we redefine the binary
operation A as A, as givenin (3.6) and (3.7)and [; A lj = 1;, j A l; = Iy for i <j . Inorder to prove that (L, A ,l,)
is a BCK algebra, we need to verify conditions (B2) and (B3) of BCK algebra. For this we consider triplet {li, lyx41,
li,j #k, k+1} with j >k, k+1.

Then
(G A L)A, (G A LA, (e &, L) =o A, L) A Ly =1
(I &, her)) A, (kA GNA, (G A Begr) =l A L) A g =L,
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(et &, 0 A, (k1A G) A (G A L) =(lo A, 1) A, Lo = 1o,
Also (lk A, (lk All])) A, l] :(lk A.lk)Al ljzlo.
If j < Kk, k+1, then
((GA LA GA L)) A (ki1 A L) =G A L) A Ly =1 A Ly =o;
(e A ) A, (kA G) A (G A kyr) = A L) A L=l A L= ;
(k1 & L) A (ki1 A ) A (G A L) = A L) A =1 A =1,
Also (lk A, (lk A.l])) A, l] = (lk A.lo) A, l] =1y All] =1,.
This means that (B2) and (B3) are satisfied for the operation A in all cases. Hence (L, A , [,) is a BCK algebra such
that the graph of mutually disjoint elements is a one door pyramid graph with door at .
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