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Abstract- The concept of an U- algebra has been developed by Rashmi Rani and R.L Prasad in 2021[2]. Here
we study some structural properties of U- algebras, methods to form U- algebras and extensions of U- algebras
to U- algebras.
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81. Preliminaries
Definition (1.1): An U-algebra is a system (E, *, u) consisting of a non-empty set E, a binary operation * and a fixed
element (also known as initial element) u subject to the following conditions:

UDu*t=t;

U2)t*t=t;

U3)(*s)*t=(1*t)*s;

UdHI*E*t)=>10*s)*(1*1);
foralll, s, t € E.
Lemma(1.2): In an U-algebra (E , *, u) the following
conditions are satisfied[ 2 ].

UsI*u=I;

(UB)s*t=t*s;

(U7)s*t=u=s=uandt=u;

UB)(s*(s*t)) *t=s*t;

U9 (s*t)*s=s*(s*t)=(t*s)*s=s*t;

U10)I1*(s*t)=(1*s)*t.
Foralls, t, | € E.

Lemma(1.3): In an U-algebra (E, * ,u) a relation ‘<’ is defined as s <tiff s*t=t*s=t;s, t e U. The
relation ‘<’ defined above is a partial order relation.
Definition(1.4): Two elements s and t of E are said to be

(@) Comparable, ifs*t=t*s=t(ors).

(b)  Non- comparable, if s*t=t*s=1#sort.

(c) If there exists s € E such that t <'s for all t € E then s is called the maximal element of E. The minimal
element in E is u.

Examples(1.5 ): We see that the singleton set E = {u} and doublet set E = { u, v} are U- algebras with initial
element u and binary operations *; and *, defined as

U*,u=u and *|U V
u ul v
v vl v

If E={u,s, t} then E become U- algebras under two binary operations *5 , *, given by tables

*3|U s t 3 u s
u s i u u [s t
S s s s s [s t
t]t S t t(t t t

82. Some properties
Theorem(2.1): An integral domain X with |X| > 3 can not be an U- algebra under a binary operation defined
by a quadratic expression.
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Proof: Let X be an integral domain with |X|> 3, zero elements 0 and unit element 1. If possible, let (X, *, 0)
be a quadratic system, which is an U- algebra.
Assume that x * y is expressible as

X*Yy=Ax2+Bxy+Cy?+Dx+Ey+F, (2.1)

where A,B,C,D, E, Fe X.Then condition (U 2) implies
X=X*X=AX2+Bx2+Cx?+Dx+Ex+F
>A+B+C=0,D+E=1,F=0. (2.2)
Again condition (U 5) implies
X=X*0=Ax2+0+0+Dx
=>A=0,D=1. (2.3)
Condition (U 1) implies
X=0*x=0+Cx2+EX
=>C=0,E=1 (2.4)
Combing conditions (2.2) , (2.3) and (2.4), we get
A=B=C=0,D+E=1,D=1,E=1,F=0.
This is not possible. So an integral domain can not be an U- algebra under a quadratic binary expression.
Following results can be established easily

Theorem (2.2): Let (E , *, u) and (F, ® ,v) be U- algebras
and let H=ExF. Define a binary operation O is H as follows:
For(s,),(t,m)eH,(s,)O({t,m)=(s*t,]l ®em). (2.5)
Then (H, O, (u, v)) is an U- algebra.

Theorem (2.3): If Cartesian product of two algebraic systems is an U- algebra then each system is an U-
algebra.

Example (2.4): We recall U- algebra (E, *4 , u) from above
andleeH=ExE={a,b,c,d,e,f,g,h,i}wherea=(u,u),b=(u,s),c=(u,t),d=s,u),e=s,s), f=(s,1),
g=(t,u), h=(t,s), i=(t,t).

Further we extend the binary operation ‘*,’ to binary operation ©® on H coordinate wise. The binary table for O is
given by

0] a b c d e f g h i
a a b c d e f g h i
b b b c e e f h h i
c c c c f f f i i i
d d e f d e f g h i
e e e f e e f h h i
f f f f f f f i i i
g g h i g h i g h i
h h h i h h i h h i
i i i i i i i i i i
Table (2.1)

Then by theorem (2.2)(H, O, (a, a)) is an U- algebra.
83. Methods to form U- algebras
Theorem(3.1): Every finite set E with |E| > 4 can be
made into an U- algebra under some suitable binary operations.
Proof: LetE={ 2y, A1 ,Ap, ccovrennnn. , An } be afinite
set. We take A, as an initial element. Then E becomes an U-algebra under following binary operation.
Let A, # A, be a fixed element of E. A binary operation O is defined on E as follows:

Ao OA;=2;00,=1;; =1, n; (3.1)
Ai Oﬂ.iz /11, i=0,1, .......... N, (32)
A O A = A OA= Az =12, K-LKHL, oo (3.3)

We prove that (E, O, A, ) is an U- algebra.
From the given definitions (U 1) and (U 2) are satisfied. We need to check conditions (U 3) and (U 4). We consider
following cases:
i) We choose element Aq, A;, A £ A;
Then A OAg) OA; = A O A = Ay;
Ak OX) OXg = Ay O Xg = Ay;
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A O (A OA)= A, ON =2y,
Ak O25) O A ON) = Ay O Ag =Ag.
i) Wetake A;, A;, Ag;i#j#k, Then
A ON) OA = A O A, = Ay,
(}\i O}\k) O)\] = }\k O)\] = )\k,
}\i (0] (}\] 0] }\k) = }\i O}\k = }\kv
(}\i O)\]) O ()\L O )\k) = )\k Olk = )\k'
Thus in both cases (U 3) and (U4) are satisfied. So (E, O, A,) is an U- algebra.
Corollary(3.2): We assume all the conditions of theorem(3.1) with following change:
Let A5 # A, be a fixed element of E, such that
Ac1O A, =2, O A1 = A (3.5)

Then (E, O, Ap) is an U- algebra.
Proof : We only need to check conditions (U 3) and (U 4) for elements A,_, , 4, and A; # 4,,_1, 4,, . We

have

0\1’ o An—l) 0 An = )\k 0 An = )\k;

0\1’ 0 An) o An—l = )\k o An—l = Ak;

AiO(ATL—l O/ln) = }\i 04s= }\k;

(A O2p-1) O A O 4p) = X O Ay = Ay}

(An—l Oln) O}\i = )\s O/li = Ak;

(An—l OAi) O)\n = )\k O/ln = Ak;

A1 O (A O ) = Mg O A = Ay

(/111—1 o /171) 0 (/171—1 O/li) = As O/lk :}\k-
This means that (U 3) and (U 4) are satisfied in all cases.
So, (E, O, Ap) is an U- algebra.

Theorem(3.3) : Every ordered set E= {Aq, A;........ A.} an u- algebra under the binary operation
(3.6)

Proof: Clearly Ay OA; = A; O Ay =A; foralli£0. AlsoA; OA; =A; for0<i<n,

Fori<j<kwe have

(?\107\])6) )\k: A]O }\k: }\k,

()\i O)\k) 0] )\] = )\k (0] A] =7\k;

)\i O(}\J o }\k) = Ai (0] )\k :)\k;

()\i (0] )\]) (0] O\l O}\k) = A] o Ak :Ak'
This proves that (X , O, A,) is an U- algebra .

Now we give a method to form an U- algebra on a set which consist of comparable and non- comparable
elements.

Theorem(3.4): Let E be a finite set having some comparable and some non — comparable elements such that
there exists elements u and 1 for which u <s <1 for all s € E. In view of lemma (1.3) a binary operation O is defined
on E such that

UuOs=sOu=s
SOs=s
sOt=tifs<t
sOt=1lifsandtare non - comparable
Then (E, O, u) is an U- algebra.

Proof: Conditions (U 1) and (U 2) are satisfied from the above assumptions. To establish (U 3) and (U 4) we
choose following types of triplets :

i) Let triplet s, t, v be such that s <t and v <s. Then v<t. So we have
(SO)OV=tOV=t(SOV)Ot=sOt=t;
tO(SOV)=tOs=t, (tOs)O(tOV)=tOt=t.

ii) Lets, t, v be triplets such that s and t are comparable and v is non- comparable with both s and t. Suppose that
s*t=t. Then
sotOv=tov=IL(s0Vv)0ot=10t=1I;
SOEOV)=s0I=1,(sO)O(OV)=tol=1

iii)Let triplets s, t, v are pair wise non — comparable. Then
sotov=I0ov=Il(s0VvV)0t=10t=1I;
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SOtOV)=s0OI1=,(sOt)O(soVv)=10I1=1.
so, in all cases (U 3) and (U 4) are satisfied, Hence the result.
8 4. Extensions of U- algebra
The following results can be proved easily.
Theorem(4.1): Let (E, *, 0) be an U- algebraand let 6 ¢ E. Let Y=E U {6} and define a binary operation @
onY as follows:

repu=A*p ifA,uekE (4.1)
Ded=056e0 =95 (4.2)
ded=9 (4.3)
deAi=Led=)A(ord)forallreE (4.4)

Then (Y , @, 0) is an U- algebra.
Theorem(4.2): Let (E, *,0) be an U- algebra. Let6 ,n ¢ EandletZ=E U {6 ,n }.
A binary operation O be defined on Z as follows

AOu=r*pn;A,pnekE (4.5)
0O03=56060=9, (4.6)
0ON=m00=n, 4.7
006=38,10n=n, (4.8)
dOAL=L06=A,AL€E (4.9)
nNOA=A0On=n,rL€eE (4.10)
30N =1n03=n. (4.11)

then (Z, O, 0) is an U- algebra.
Corollary (4.3): Two point extensions are also possible under following methods:
Method 1: The binary operation ©; satisfies conditions (4.5) to (4.8). and

3O, A=A0; 8=, (4.12)

AOIM=n0O A=A, (4.13)

30 N=1n0;56=0. (4.14)
Method 2: The binary operation ©, satisfies conditions (4.5) to (4.8) and

30, A=10, =35, (4.15)

NO, A=A0,n=n, (4.106)

N0, 6=060,n=n. (4.17)

Method 3: The binary operation ©5 satisfies conditions (4.5) to
(4.8) ; (4.15) (4.16) and
NO3;8=0031=96 (4.18).

REFERENCES:
1. Kumari Dipika, Singh J.N.P and Prasad, R. L : Ideal and fuzzy ideals in U- algebra, ACTA CIENCIA. VOL.
XLIX- M, NO. 1 to 4, 1(2023)
2. Puja and S.N Sharma : Structural properties of g-Semi Simple Elements in a BCI/BCH Algebra, IRIMST,
VVOL 12, pp. 20-24 [2021].
3. Prasad, R. L and Rani, R : U- algebra —A study and applications, Design engineering , VOL. 8, pp. 276-285
[2021].

IJRTI2402001 International Journal for Research Trends and Innovation (www.ijrti.org)



http://www.ijrti.org/

