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Abstract: In this paper, the author has formulated the solutions of a special standard cubic congruence of composite modulus
modulo a special multiple of square of an odd prime. The effort for the formulation is presented here. This cubic congruence
has exactly p incongruent solutions, where p is an odd prime present in the congruence. The formula is tested and verified
true. Several numerical examples are solved here. The solutions are obtained using the established formula. No Need to use
Chinese Remainder Theorem (CRT).Formulation is the merit of the paper.

Keywords: Cubic congruence, cubic residues, Chinese Remainder Theorem (CRT), Odd primes, Formulation.

INTRODUCTION

A standard cubic congruence of the type: x3 = b (mod m), has different number of solutions depending upon the modulus m. If
b = a® (mod m), then b is called cubic residue of m, a being the residue of m and the congruence reduces to x> = a® (mod m)
and is always solvable [1].

Here the author considered a standard cubic congruence of special composite modulus having p- incongruent solutions where p is
an odd prime present in the congruence.

PROBLEM-STATEMENT
Here the problem is “To formulate the solutions of the standard cubic congruence:
(1) x3 = p3 (mod p?); p odd prime,
(2) x3 = p3 (mod p?.q); p, q being dif ferent odd primes."
(3) x32 = p3 (mod p?.3™); p odd prime and n is any positive integer.

LITERATURE REVIEW

It is seen that cubic congruence are not studied in universities. Most of the Number Theory syllabus contains linear and quadratic
congruence of prime modulus [1], [2], [3]. So no discussion is found in the literature of mathematics. But Zukerman [3], Koshy [2]
had taken a bold attempt to define a congruence and cubic residues. But online searching provides many research formulations of
the author only on cubic congruence of composite modulus [4], [5], [6], [7].

ANALYSIS & RESULTS
Case-I: Consider the congruence: x3 = p3 (mod p?), o being an odd prime.
For the solutions, consider x = pk + p (mod p?).
Then, x3 = (pk + p)? (mod p?)

= p3k3 + 3.p%k2. p + 3.pk.p? + p3 (mod p?)

= p3k(k? + 3k + 3) + p3 (mod p?)

= p® (mod p?)
So, x = pk + p (mod p?) satisfies the congruence and hence gives all the solutions for different k.
But fork = p, the solutions formula reduces to x = p.p + p (mod p?)

= p® +p (mod p*)
=0 + p (mod p?).
This is the same solution as for k = 0.
Also, for k = p + 1, similarly it is seen that the solution formula reduces to
X =p.p+p+p(modp?)
=p? +p +p (mod p?)
=p + p (mod p?).

This is the same solution as for k = 1.
Therefore, all the solutions are given by x = pk + p (mod p®)k,k =0,1,2, ... ... ,(p—1).
Case-II:
Consider the congruence: x3 = p3 (mod p?. q); p, q being dif ferent odd prime."
For solutions, let x = pgk + p (mod p?q).
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Then, x3 = (pgk + p)? (mod p?q)
= p3q3k3 + 3.p%q%k?. p + 3.pqk.p? + p3 (mod p?q)
= p3k(k? + 3k + 3) + p® (mod p?q)
= p® (mod p?q)
So, x = pgk + p (mod p?q) satisfies the congruence and hence gives all the solutions for different k.
But fork = pq, the solutions formula reduces to x = p.p + p (mod p?q)
p? +p (mod p*q)
+p (mod p*q).

This is the same solution as for k = 0.
Also, for k = pq + 1, similarly it is seen that the solution formula reduces to
x =p.pq + pq + p (mod p*q)

= p%q + pq + p (mod p?q)

= pq + p (mod p*q).
This is the same solution as for k = 1.
Therefore, all the solutions are given by x = pgk + p (mod p?q)k,

k=012, ....,(p—1).

Case-l11:
Consider the congruence:
x3 = p? (mod 3™.p?%); p being odd odd prime,n any positive integer.
For solutions, let x = 3" L. pk + p (mod 3™.p?).
Then, it is also seen that the solutions formula: x = 3" pk + p (mod 3™ p?) satisfies the congruence and hence gives all the
solutions for different k.
But for k = 3p, the solutions formula reduces to = 0 + p (mod 3™.p?).
This is the same solution as for k = 0. Similarly, it is seen that the solution formula reduces to x = 3" pk + p (mod 3™p?) for
k=3p+1.
This is the same solution as for k = 1.
Therefore, all the solutions are given by x = 3" pk + p (mod 3"p?)k,
k=0,1,2....,3p—1).

ILLUSTRATIONS

Example-I: Consider the congruence x3 = 125 (mod 25).
It can be written as x3 = 5% (imod 52)

It is of the type: x3 = p3 (mod p?).

It has exactly p=5 solutions.

The solutions are given by

x =pk+p(@modp?);k=0,1,2,.cccc..,(p— 1.
= 5k + 5 (mod 52); k = 0,1,2, 5-1)
=5k +5(mod 25);k=0,1,2, . e ..., 4.

=5, 10, 15, 20, 25 (mod 25).

Example-2: Consider the congruence x3 = 343 (mod 539).

It can be written as: x3 = 73 (mod 7%2.11) withp = 7,q = 11, n = 2.
It is of the type: x3 = p3 (mod p2. q).

The solutions are given by

x = pgk +p (mod p?q);k=0,1,2, ..., (p — D).
=711k + 7 (mod 72.11);k = 0,1, 2, i, — 1)
=711k +7 (mod 7°.11);k =0,1,2, e e e vev e, (7 — 1)

=77k + 7 (mod 539);k =0,1,2,.. 6.

=7, 84,161, 238, 315, 392, 469 (mod 539)
These are the p = 7 solutions of the congruence.
Example-3: Consider the congruence x3 = 125 (mod 325).
It can be written as: x3 = 53 (mod 52.13) withp = 5,q = 13.
It is of the type: x3 = p3 (mod p2. q).
The solutions are given by
x = pgk +p (mod p?q); k =0,1,2, ..........,(p — 1).
=513k +5(mod 52.13);k=0,1,2, . ce...., (5= 1)
= 65k + 5 (mod 325);k =0,1,2,3, 4.
=5, 70, 135, 200, 265 (mod 325).
These are the p = 5 solutions of the congruence.
Example-4: Consider the congruence x3 = 1331 (mod 1573).
It can be written as: x3 = 113 (mod 112.13) withp = 11,q = 13.
It is of the type: x3 = p3 (mod p2.q).
The solutions are given by

[JRT12103005 International Journal for Research Trends and Innovation (www.ijrti.org)



http://www.ijrti.org/

© 2021 IJRTI | Volume 6, Issue 3 | ISSN: 2456-3315

x =pgk + p (mod p?q);k=0,1,2, . cc....., (p — 1).
= 1113k + 11 (mod 112.13);k = 0,1,2, e e oo, (11 = 1)
= 143k + 11 (mod 1573);k = 0,1,2,3, e cev eev ee e e e, 10,

=11, 154, 297, 440, 583, 726, 869, 1012, 1155, 1298, 1441 (mod 1573).
These are the p = 11 solutions of the congruence.
Example-5: Consider the congruence x3 = 1331 (mmod 1089).
It can be written as: x3 = 113 (mod 32.112) withp = 11.
It is of the type: x3 = p3 (mod 3™.p2).
The solutions are given by

x =3"pk +p (mod 3".p*);k=0,1,2, ccccc.....,(3p — 1).
= 3.11k + 11 (mod 112 13);k=0,1,2,.ccc......, (11 = 1)
=33k + 11 (mod 1089);k =0,1,2,3, .. e cesvev cee ve ..., 32,

=11, 154, 297, 440, 583, 726, 869, 1012, 1155, 1298, 1441 (mod 1089).
These are the 3p = 3.11 = 33 solutions of the congruence.

CONCLUSION

Therefore, it is concluded that the standard cubic congruence: x3 = p3 (mod p?), p being different odd prime, has exactly p
incongruent solutions given by

x =pk +p (mod p?),k=0,1,2,3, ..o e oo, p — 1.

Also the congruence: x3 = p3 (mod p2. q), p, q being different odd primes, has exactly p incongruent solutions given by

x = pgk + p (mod p?q),k=0,1,2,3, e e e .., p — 1.

Also the congruence: x3 = p3 (mod 3™p?), p being odd prime, has exactly 3p incongruent solutions given by

x = 3" pk +p (mod 3".9p%),k=0,1,2,3, . cc. ... ..., 3p — 1.

MERIT OF THE PAPER

The established formula is tested and verified true solving some suitable numerical examples.

Oral calculation for solutions is also become possible. It made the study of the cubic congruence very simple and interesting. It is
time saving. This is the merit of the paper.
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