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Abstract: In this paper, the author has formulated a very special type of standard quadratic congruence of even composite 

modulus modulo an even prime of even power. The established formula for solutions of the congruence is tested and verified 

true. The formula proves time-saving and simple. No such formula is found in the literature of mathematics. First time the 

author has formulated the solutions of the congruence. This formulation makes the study of quadratic congruence very 

interesting and simple. Formulation of solutions is the merit of the paper. 
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INTRODUCTION 

Quadratic congruence of prime & composite modulus is a part of Number Theory. It is found that much had not been researched 

on the formulation of solutions of the congruence in this field of mathematics. A very less attempts had been taken on the research 

in this part. The author first time started formulating different standard quadratic congruence. He already has formulated many 

standard quadratic congruence of composite modulus successfully [1], [2], [3], [4], [5]. 

 

PROBLEM-STATEMENT 

Here the problem is –“To formulate the solutions of the congruence of the type: 

𝐱𝟐 ≡ 𝟐𝟐𝐦(𝐦𝐨𝐝 𝟐𝐧); 𝐧 ≥ 𝟐𝐦 + 𝟐, 𝐧 𝐢𝐬 𝐞𝐯𝐞𝐧”. 
 

LITERATURE REVIEW 

The book of Zuckerman [6] has placed an example in its exercise that if 

𝐚 ≡ 𝟏 (𝐦𝐨𝐝 𝟖)𝐚𝐧𝐝 𝐱𝟎 is any solution of the congruence 𝐱𝟐 ≡ 𝐚 (𝐦𝐨𝐝 𝟐𝐧), then the standard quadratic congruence has 

exactly four incongruent solutions and these four solutions are given by  𝐱𝟎, −𝐱𝟎, 𝟐𝐧−𝟏 + 𝐱𝟎, 𝟐𝐧−𝟏 − 𝐱𝟎. 
 

Koshy [7] and Burton [8] also consider the same problem in the same manner. 

In their consideration, 𝐚 ≡ 𝟏 (𝐦𝐨𝐝 𝟖) means 𝐚 is an odd positive integer. Nothing is said when 𝐚 is even and of the type 𝟐𝐦. 
So, the author considered the problem for his research in the above form and formulate the solutions of the said congruence.  

 

ANALYSIS & RESULTS 

Consider the congruence:  𝐱𝟐 ≡ 𝟐𝟐𝐦(𝐦𝐨𝐝 𝟐𝐧). 
It can be written as: 𝐱𝟐 ≡ (𝟐𝐦)𝟐(𝐦𝐨𝐝 𝟐𝐧). 
Let us consider 𝐱 ≡ 𝟐𝐧−𝐦−𝟏𝐤 ± 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧). 
Then, 𝐱𝟐 ≡ (𝟐𝐧−𝐦−𝟏𝐤 ± 𝟐𝐦  )𝟐 (𝐦𝐨𝐝 𝟐𝐧) 

                ≡ ( 𝟐𝐧−𝐦−𝟏𝐤 )𝟐 ± 𝟐. 𝟐𝐧−𝐦−𝟏𝐤. 𝟐𝐦 + ( 𝟐𝐦 )𝟐 (𝐦𝐨𝐝 𝟐𝐧)    

                ≡ ( 𝟐𝐧−𝐦−𝟏𝐤 )𝟐 ± 𝟐𝐧𝐤 + ( 𝟐𝐦 )𝟐 (𝐦𝐨𝐝 𝟐𝐧)    

                ≡ 𝟐𝐧𝐤(𝟐𝐧−𝟐𝐦−𝟐𝐤 ± 𝟏) + 𝟐𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧); 𝐢𝐟 𝐧 ≥ 𝟐𝐦 + 𝟐. 

                ≡ 𝟐𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧). 
Thus, 𝐱 ≡ 𝟐𝐧−𝐦−𝟏𝐤 ± 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧) can be consider as the solution formula for the said congruence. But for 𝐤 = 𝟐𝐦+𝟏, the 

solution reduces to  

 𝐱 ≡ 𝟐𝐧−𝐦−𝟏. 𝟐𝐦+𝟏 + 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧). 
     ≡ 𝟐𝐧 + 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧) 

    ≡ 𝟐𝐦(𝐦𝐨𝐝 𝟐𝐧). 
This is the same solution as for 𝐤 = 𝟎. 
Also for 𝐤 = 𝟐𝐦+𝟏 + 𝟏, the solution reduces to  

 𝐱 ≡ 𝟐𝐧−𝐦−𝟏. (𝟐𝐦+𝟏 + 𝟏) + 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧). 
     ≡ (𝟐𝐧 + 𝟐𝐧−𝐦−𝟏) + 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧) 

    ≡ 𝟐𝐧−𝐦−𝟏 + 𝟐𝐦(𝐦𝐨𝐝 𝟐𝐧). 
This is the same solution as for 𝐤 = 𝟏. 
Therefore, it can be seen that all the solutions are given by 

 𝐱 ≡ 𝟐𝐧−𝐦−𝟏𝐤 ± 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧); 𝐤 = 𝟎, 𝟏, 𝟐, … … … , (𝟐𝐦+𝟏 − 𝟏).  
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This gives 2. (𝟐𝐦+𝟏) = 𝟐𝐦+𝟐 incongruent solutions of the said congruence. 

ILLUSTRATIONS 

 Example-1: Consider the congruence 𝐱𝟐 ≡ 𝟏𝟔 (𝐦𝐨𝐝 𝟐𝟓𝟔). 
It can be written as: 𝐱𝟐 ≡ 𝟐𝟒 (𝐦𝐨𝐝 𝟐𝟖). 
It is of the type: 𝐱𝟐 ≡ 𝟐𝟐𝐦(𝐦𝐨𝐝 𝟐𝐧) with 𝐧 = 𝟖 ; 𝐦 = 𝟐. 
It has exactly (𝟐𝐦+𝟐) = 𝟐𝟒 = 𝟏𝟔 incongruent solutions. 

These solutions are given by:  𝐱 ≡ 𝟐𝐧−𝟐−𝟏𝐤 ± 𝟐𝟐 (𝐦𝐨𝐝 𝟐𝐧); k = 0, 1, 2, 3,…….. (𝟐𝐦+𝟏 − 𝟏). 

Putting the known values:  

      𝐱 ≡ 𝟐𝟖−𝟑𝐤 ± 𝟐𝟐 (𝐦𝐨𝐝 𝟐𝟖); 𝐤 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔, 𝟕.            
         ≡ 𝟐𝟓𝐤 ± 𝟒  (𝐦𝐨𝐝 𝟐𝟓𝟔)              

         ≡ 𝟑𝟐𝐤 ± 𝟒  (𝐦𝐨𝐝 𝟐𝟓𝟔)                      

         ≡ 𝟎 ± 𝟒; 𝟑𝟐 ± 𝟒; 𝟔𝟒 ± 𝟒; 𝟗𝟔 ± 𝟒; 𝟏𝟐𝟖 ± 𝟒; 𝟏𝟔𝟎 ± 𝟒;  𝟏𝟗𝟐 ± 𝟒 ; 𝟐𝟐𝟒 ± 𝟒 (𝐦𝐨𝐝 𝟐𝟓𝟔).            
         ≡ 𝟒, 𝟐𝟓𝟐; 𝟐𝟖, 𝟑𝟔; 𝟔𝟎, 𝟔𝟖; 𝟗𝟐, 𝟏𝟎𝟎; 𝟏𝟐𝟒, 𝟏𝟑𝟐; 𝟏𝟓𝟔, 𝟏𝟔𝟒; 𝟏𝟖𝟖, 𝟏𝟗𝟔; 𝟐𝟐𝟎, 𝟐𝟐𝟖 (𝐦𝐨𝐝 𝟐𝟓𝟔). 
These are the required sixteen incongruent solutions of the above congruence. 

Example-2: Consider one more congruence: 𝐱𝟐 ≡ 𝟔𝟒 (𝐦𝐨𝐝 𝟏𝟎𝟐𝟒). 
It can be written as: 𝐱𝟐 ≡ 𝟐𝟔 (𝐦𝐨𝐝 𝟐𝟏𝟎). 
It is of the type: 𝐱𝟐 ≡ 𝟐𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧) with   𝐧 = 𝟏𝟎 &  𝐦 = 𝟑. 

It has exactly 𝟐. (𝟐𝐦+𝟏) =2.𝟐𝟒 = 𝟐. 𝟏𝟔 = 𝟑𝟐  Incongruent solutions. 

These solutions are given by:  𝐱 ≡ 𝟐𝐧−𝐦−𝟏𝐤 ± 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧); k=0, 1, 2, 3,……(𝟐𝐦+𝟏 − 𝟏). 

Putting the known values:  

      𝐱 ≡ 𝟐𝟏𝟎−𝟑−𝟏𝐤 ± 𝟐𝟑 (𝐦𝐨𝐝 𝟐𝟏𝟎); 𝐤 = 𝟎, 𝟏, 𝟐, 𝟑, … … … , 𝟏𝟒, 𝟏𝟓.            
         ≡ 𝟐𝟔𝐤 ± 𝟐𝟑  (𝐦𝐨𝐝 𝟏𝟎𝟐𝟒)              

         ≡ 𝟔𝟒𝐤 ± 𝟖  (𝐦𝐨𝐝 𝟏𝟎𝟐𝟒)                      

         ≡ 𝟎 ± 𝟖; 𝟔𝟒 ± 𝟖; 𝟏𝟐𝟖 ± 𝟖; 𝟏𝟗𝟐 ± 𝟖; 𝟐𝟓𝟔 ± 𝟖; 𝟑𝟐𝟎 ± 𝟖; 𝟑𝟖𝟒 ± 𝟖; 
      𝟒𝟒𝟖 ± 𝟖; 𝟓𝟏𝟐 ± 𝟖;  𝟓𝟕𝟔 ± 𝟖; 𝟔𝟒𝟎 ± 𝟖; 𝟕𝟎𝟒 ± 𝟖; 𝟕𝟔𝟖 ± 𝟖; 𝟖𝟑𝟐 ± 𝟖; 
       𝟖𝟗𝟔 ± 𝟖; 𝟗𝟔𝟎 ± 𝟖 (𝐦𝐨𝐝 𝟏𝟎𝟐𝟒).            
    ≡ 𝟖, 𝟏𝟎𝟏𝟔; 𝟓𝟔, 𝟕𝟐; 𝟏𝟐𝟎, 𝟏𝟑𝟔; 𝟏𝟖𝟒, 𝟐𝟎𝟎; 𝟐𝟒𝟖, 𝟐𝟔𝟒; 𝟑𝟏𝟐, 𝟑𝟐𝟖; 𝟑𝟕𝟔, 𝟑𝟗𝟐; 
       𝟒𝟒𝟎, 𝟒𝟓𝟔; 𝟓𝟎𝟒, 𝟓𝟐𝟎; 𝟓𝟔𝟖, 𝟓𝟖𝟒; 𝟔𝟑𝟐, 𝟔𝟒𝟖; 𝟔𝟗𝟔, 𝟕𝟏𝟐; 𝟕𝟔𝟎, 𝟕𝟕𝟔; 𝟖𝟐𝟒, 𝟖𝟒𝟎;  
      𝟖𝟖𝟖, 𝟗𝟎𝟒; 𝟗𝟓𝟐, 𝟗𝟔𝟖 (𝐦𝐨𝐝 𝟏𝟎𝟐𝟒). 
These are the required thirty two incongruent solutions of the above congruence. 

Example -3: Consider one more congruence: 𝐱𝟐 ≡ 𝟔𝟒 (𝐦𝐨𝐝 𝟏𝟎𝟐𝟒). 
It can be written as: 𝐱𝟐 ≡ 𝟐𝟖 (𝐦𝐨𝐝 𝟐𝟏𝟒). 
It is of the type: 𝐱𝟐 ≡ 𝟐𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧) with   𝐧 = 𝟏𝟒 &  𝐦 = 𝟒. 

It has exactly 𝟐. (𝟐𝐦+𝟏) =2.𝟐𝟓 = 𝟐. 𝟑𝟐 = 𝟔𝟒  Incongruent solutions. 

These solutions are given by:  𝐱 ≡ 𝟐𝐧−𝐦−𝟏𝐤 ± 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧); k=0, 1, 2, 3,……(𝟐𝐦+𝟏 − 𝟏). 

Putting the known values:  

      𝐱 ≡ 𝟐𝟏𝟒−𝟒−𝟏𝐤 ± 𝟐𝟒 (𝐦𝐨𝐝 𝟐𝟏𝟒); 𝐤 = 𝟎, 𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔, … … … , 𝟑𝟏.            
         ≡ 𝟐𝟗𝐤 ± 𝟐𝟒  (𝐦𝐨𝐝 𝟏𝟔𝟑𝟖𝟒)              

         ≡ 𝟓𝟏𝟐𝐤 ± 𝟏𝟔  (𝐦𝐨𝐝 𝟏𝟔𝟑𝟖𝟒)                      

         ≡ 𝟎 ± 𝟏𝟔; 𝟓𝟏𝟐 ± 𝟏𝟔; 𝟏𝟎𝟐𝟒 ± 𝟏𝟔; 𝟏𝟓𝟑𝟔 ± 𝟏𝟔; 𝟐𝟎𝟒𝟖 ± 𝟏𝟔; 𝟐𝟓𝟔𝟎 ± 𝟏𝟔; 
 … … … … … … … … … … . 𝟏𝟒𝟖𝟒𝟖 ± 𝟏𝟖 (𝐦𝐨𝐝 𝟏𝟎𝟐𝟒).            
  These are the required sixty-four incongruent solutions of the above congruence. 

 

CONCLUSION 

Thus, it can be conclude that the standard quadratic congruence of even composite modulus of the type:   

𝐱𝟐 ≡ 𝟐𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧), 𝐧 ≥ 𝟐𝐦 + 𝟐 has exactly 2.𝟐𝐦+𝟏𝐢. 𝐞  𝟐𝐦+𝟐 Incongruent solutions given by   

𝐱 ≡ 𝟐𝐧−𝐦−𝟏𝐤 ± 𝟐𝐦 (𝐦𝐨𝐝 𝟐𝐧); 𝐤 = 𝟎, 𝟏, 𝟐, 𝟑 … … … , (𝟐𝐦+𝟏 − 𝟏). 
 

MERIT OF THE PAPER 

The author first time has formulated such a very special type of standard quadratic congruence of composite modulus having a very 

large number of solutions. Formula established saves the time of calculation of solutions. A large number of solutions can be 

obtained directly. Therefore, formulation of solutions is the merit of the paper. 
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