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Abstract: In this paper, the author has formulated a very special type of standard quadratic congruence of even composite
modulus modulo an even prime of even power. The established formula for solutions of the congruence is tested and verified
true. The formula proves time-saving and simple. No such formula is found in the literature of mathematics. First time the
author has formulated the solutions of the congruence. This formulation makes the study of quadratic congruence very
interesting and simple. Formulation of solutions is the merit of the paper.
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INTRODUCTION

Quadratic congruence of prime & composite modulus is a part of Number Theory. It is found that much had not been researched
on the formulation of solutions of the congruence in this field of mathematics. A very less attempts had been taken on the research
in this part. The author first time started formulating different standard quadratic congruence. He already has formulated many
standard quadratic congruence of composite modulus successfully [1], [2], [3], [4], [5]-

PROBLEM-STATEMENT
Here the problem is —To formulate the solutions of the congruence of the type:
x% = 2?2™(mod 2™);n > 2m + 2,n is even”.

LITERATURE REVIEW

The book of Zuckerman [6] has placed an example in its exercise that if

a = 1 (mod 8)and x, is any solution of the congruence x? = a (mod 2"), then the standard quadratic congruence has
exactly four incongruent solutions and these four solutions are given by xq, —xq, 2" ! + x4, 2" 1 — x,.

Koshy [7] and Burton [8] also consider the same problem in the same manner.
In their consideration, a = 1 (mod 8) means a is an odd positive integer. Nothing is said when a is even and of the type 2™.
So, the author considered the problem for his research in the above form and formulate the solutions of the said congruence.

ANALYSIS & RESULTS
Consider the congruence: x? = 22™(mod 27).
It can be written as: x? = (2™)?(mod 2").
Let us consider x = 2° ™1k + 2™ (mod 2").
Then, x? = (2" ™1k + 2™ )2 (mod 2")
(2rm-1g)2 4 2 20-m-1kg 2™ 4 (2™ )2 (mod 2M)
= (2" ™ 1k)2 + 2"k + (2™ )? (mod 2")
= 2"k(2"2™2Kk + 1) + 22™ (mod 2");if n > 2m + 2.
= 22™ (mod 2").
Thus, x = 2" ™1k + 2™ (mod 2™) can be consider as the solution formula for the said congruence. But for k = 2™*1, the
solution reduces to
x = 20-m-1 om+1 +2m (mod Zn)_
= 2" 4 2™ (mod 2")
= 2™(mod 2").
This is the same solution as for k = 0.
Also for k = 2™*1 + 1, the solution reduces to
x = 20m-1 (2m+l 4 1) + 2™ (mod 2").
= (2" +27m"1) 4 2™ (mod 2")
=20 m-1 4 2M(mod 2M).
This is the same solution as for k = 1.
Therefore, it can be seen that all the solutions are given by
x=2""1k+2™ (mod2");k=0,1,2, .......... ,(2m+1 — 1),
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This gives 2. (2™*1) = 2™*2 jncongruent solutions of the said congruence.
ILLUSTRATIONS
Example-1: Consider the congruence x? = 16 (mod 256).
It can be written as: x? = 2* (mod 2®).
It is of the type: x? = 22™(mod 2") withn = 8;m = 2.
It has exactly (2™*2) = 2% = 16 incongruent solutions.
These solutions are given by: x = 2271k + 22 (mod 2"); k=0, 1, 2, 3,........ (2™ — 1),
Putting the known values:
x = 2873k + 22 (mod 28);k =0,1,2,3,4,5,6,7.
=25k + 4 (mod 256)
32k +4 (mod 256)
0+4;32+4;641+4;,96+4;128+4;160 + 4; 192 + 4;224 + 4 (mod 256).
=4,252;28,36;60,68;92,100; 124,132; 156,164;188,196; 220,228 (mod 256).
These are the required sixteen incongruent solutions of the above congruence.
Example-2: Consider one more congruence: x* = 64 (mod 1024).
It can be written as: x? = 2 (mod 21°).
It is of the type: x? = 22™ (mod 2™) with n=10& m = 3.
It has exactly 2. (2™*1) =2.2* = 2.16 = 32 Incongruent solutions.

These solutions are given by: x = 2" ™1k + 2™ (mod 2"); k=0, 1, 2, 3,......(2™"1 — 1).
Putting the known values:
x = 210-3-1k 4 23 (mod 21°);k = 0,1,2,3, ........... ,14,15.

= 2%k + 23 (mod 1024)
= 64k + 8 (mod 1024)
=0+8;64+8;128 +8;192 + 8;256 + 8;320 + 8;384 + 8;
448 + 8;512 +8; 576 + 8;640 + 8;704 + 8,768 + 8;832 + 8;
896 + 8;960 + 8 (mod 1024).
=8,1016;56,72;120,136; 184,200; 248,264;312,328;376,392;
440,456;504,520;568,584;632,648;696,712;760,776; 824, 840;
888,904;952,968 (mod 1024).
These are the required thirty two incongruent solutions of the above congruence.
Example -3: Consider one more congruence: x* = 64 (mod 1024).
It can be written as: x? = 28 (mod 2%).
It is of the type: x? = 22™ (mod 2") with n=14& m = 4.
It has exactly 2. (2m+1) =2.25 = 2.32 = 64 Incongruent solutions.

These solutions are given by: x = 2" ™ 1k 4+ 2™ (mod 2"); k=0, 1, 2, 3,...... (2m+1 — 1),
Putting the known values:
x = 214-4-1k 4 24 (mod 214);k = 0,1,2,3,4,5,6, ... ... ... ,31.

= 29k + 2* (mod 16384)
=512k + 16 (mod 16384)
=0+16;512+16;1024 + 16; 1536 + 16;2048 + 16; 2560 + 16;
. .14848 + 18 (mod 1024).
These are the reqmred sixty-four incongruent solutions of the above congruence.

CONCLUSION

Thus, it can be conclude that the standard quadratic congruence of even composite modulus of the type:
x% = 22™ (mod 2"), n > 2m + 2 has exactly 2.2™*1j.e 2™*2 |ncongruent solutions given by

X = 2" M-1Kg + 2™ (mod 2"); k=0,1,2,3 ...... ... ,(2m*1 — 1),

MERIT OF THE PAPER

The author first time has formulated such a very special type of standard quadratic congruence of composite modulus having a very
large number of solutions. Formula established saves the time of calculation of solutions. A large number of solutions can be
obtained directly. Therefore, formulation of solutions is the merit of the paper.
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