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Abstract: In this paper, the author has formulated the solutions of a standard quadratic congruence of composite modulus 

modulo double of a powered odd prime. 

Such type of congruence always has 2p solutions, where p is an odd prime. 

Author’s formulation made the finding of solutions very easy. The formulation provided a very simple formula for solutions. 

Oral calculation of solutions is also possible. Formulation is the merit of the paper. 
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INTRODUCTION 

Standard quadratic congruence of composite modulus is seldom studied in mathematics.  The focus is converged to study the 

standard quadratic congruence of prime modulus only. The author of this paper pained so much and started studying these 

congruence of composite modulus and formulated many such standard quadratic congruence [1], [2], [3]. Here, is one more such 

congruence found unformulated yet and tried his best to formulate.  

PROBLEM-STATEMENT 

Here the problem is “To formulate the solutions of the congruence 

   𝑥2 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝𝑛), 𝑛 ≥ 3, 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒". 

LITERATURE-REVIEW 

The above standard quadratic congruence of composite modulus is seen unformulated in the literature of mathematics. No special 

method is found to solve the problem but one can use Chinese Remainder Theorem [4], [5], [6]. It is a long process and one must 

know the method of solving the individual congruence. The literature of mathematics is kept nearly silent. 

ANALYSIS & RESULT 

 Consider the congruence 𝑥2 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝𝑛), 𝑛 ≥ 3, 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒. 

For its solutions, let us consider that 𝑥 ≡ 2𝑝𝑛−1𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛). 

Then 𝑥2 ≡ ( 2𝑝𝑛−1𝑘 ± 𝑝 )2 (𝑚𝑜𝑑 2𝑝𝑛) 

             ≡ (2𝑝𝑛−1𝑘 )2 ± 2.2𝑝𝑛−1𝑘. 𝑝 + 𝑝2   (𝑚𝑜𝑑 2𝑝𝑛) 

           ≡ 4𝑝2𝑛−2𝑘2 ± 4𝑝𝑛𝑘 + 𝑝2  (𝑚𝑜𝑑 2𝑝𝑛) 

         ≡ 2𝑝𝑛(2𝑝𝑛−2𝑘2 ± 𝑘) + 𝑝2 (𝑚𝑜𝑑 2𝑝𝑛) 

           ≡ 0 + 𝑝2 (𝑚𝑜𝑑 2𝑝𝑛) 

      ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝𝑛). 

Thus, it can be said that 𝑥 ≡ 2𝑝𝑛−1𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛), 𝑛 ≥ 3, 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒 gives the solutions of the congruence. But for 𝑘 =
𝑝, the solutions reduce to the form  

         𝑥 ≡ 2𝑝𝑛−1𝑝 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛) 

             ≡ 2𝑝𝑛 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛) 

             ≡ 0 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛) 
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These are the same solutions as for 𝑘 = 𝑜. 

Also, for 𝑘 = 𝑝 − 1, the solutions formula reduces to  

                            𝑥 ≡ 2𝑝𝑛−1. (𝑝 + 1) ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛) 

                               ≡ 2𝑝𝑛 + 2𝑝𝑛−1 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛) 

                              ≡ 2𝑝𝑛−1 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛) 

These are the solutions as for 𝑘 = 1. 

Therefore, 𝑥 ≡ 2𝑝𝑛−1. 𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛) gives all the solutions of the congruence under consideration for𝑘 =
0, 1, 2, … … … … . , (𝑝 − 1). 

Hence the congruence has exactly 2p solutions. 

ILLUSTRATIONS 

Example-1: Consider the congruence 𝑥2 ≡ 9 (𝑚𝑜𝑑 54). 

It can be written as 𝑥2 ≡ 32(𝑚𝑜𝑑 (2.27)   𝑖. 𝑒.  𝑥2 ≡ 32(𝑚𝑜𝑑 2. 33). 

It is of the type 𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 2. 𝑝𝑛) 𝑤𝑖𝑡ℎ 𝑛 = 3, 𝑝 = 3. 

It has exactly 2𝑝 = 2.3 = 6 incongruent solutions. 

These solutions are given by 𝑥 ≡ 2𝑝𝑛−1𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛); 𝑘 = 0, 1, 2, … … . , (𝑝 − 1). 

                                                       ≡ 2. 32𝑘 ± 3 (𝑚𝑜𝑑 2. 33); 𝑘 = 0, 1, 2. 

                                                      ≡ 18𝑘 ± 3 (𝑚𝑜𝑑 54); 𝑘 = 0, 1, 2. 

                                                      ≡ ±3; 18 ± 3, 36 ± 3 (𝑚𝑜𝑑 54) 

                                                       ≡ 3, 51; 15, 21; 33, 39 (𝑚𝑜𝑑 54). 

These are the six solutions. 

Example-2: Consider the congruence 𝑥2 ≡ 25 (𝑚𝑜𝑑 1250). 

It can be written as 𝑥2 ≡ 52(𝑚𝑜𝑑 2. 54) 

It is of the type 𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 2. 𝑝𝑛) 𝑤𝑖𝑡ℎ 𝑛 = 4, 𝑝 = 5. 

It has exactly 2𝑝 = 2.5 = 10 incongruent solutions. 

These solutions are given by 

 𝑥 ≡ 2𝑝𝑛−1𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛); 𝑘 = 0, 1, 2, … … . , (𝑝 − 1). 

     ≡ 2. 53𝑘 ± 5 (𝑚𝑜𝑑 2. 54); 𝑘 = 0, 1, 2, 3, 4. 

     ≡ 250𝑘 ± 5 (𝑚𝑜𝑑 1250); 𝑘 = 0, 1, 2, 3, 4. 

      ≡ ±5; 250 ± 5, 500 ± 5; 750 ± 5; 1000 ± 5  (𝑚𝑜𝑑 1250) 

      ≡ 5, 1245; 245, , 255; 495, 505; 745, 755; 995, 1005 (𝑚𝑜𝑑 1250). 

These are the ten solutions. 

Example-3: Consider the congruence 𝑥2 ≡ 121 (𝑚𝑜𝑑 2662) 

It can be written as 𝑥2 ≡ 112(𝑚𝑜𝑑 2. 113) 

It is of the type 𝑥2 ≡ 𝑝2(𝑚𝑜𝑑 2. 𝑝𝑛) 𝑤𝑖𝑡ℎ 𝑛 = 3, 𝑝 = 11. 

It has exactly 2𝑝 = 2.11 = 22 incongruent solutions. 

These solutions are given by 

 𝑥 ≡ 2𝑝𝑛−1𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛); 𝑘 = 0, 1, 2, … … . , (𝑝 − 1). 

     ≡ 2. 112𝑘 ± 11 (𝑚𝑜𝑑 2. 113); 𝑘 = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 
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     ≡ 242𝑘 ± 11 (𝑚𝑜𝑑 2662); 𝑘 = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 

      ≡ 0 ± 11; 242 ± 11, 484 ± 11; … … … … … … . ; 2178 ± 11; 2420 ± 11 (𝑚𝑜𝑑 2662) 

      ≡ 11, 2651; 231, 253; 473, 495; … … … … ; 2167, 2189; 2409, 2431 (𝑚𝑜𝑑 1250). 

These are the twenty-two solutions. 

CONCLUSION 

Therefore, it can be concluded that the standard quadratic congruence: 

 𝑥2 ≡ 𝑝2 (𝑚𝑜𝑑 2𝑝𝑛), 𝑛 ≥ 3, 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒, has exactly 2𝑝 − incongruent solutions given by 𝑥 ≡ 2𝑝𝑛−1𝑘 ± 𝑝 (𝑚𝑜𝑑 2𝑝𝑛); 𝑛 ≥
3, 𝑝 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒 𝑤𝑖𝑡ℎ  𝑘 = 0, 1, 2, … … … … , (𝑝 − 1). 

MERIT OF THE PAPER 

This formulation gives all the incongruent solutions directly. These solutions can also be calculated orally. First time a formulation 

is provided by the author. This is the merit of the paper. 
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