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Abstract: In this paper, the author considered a very special type of standard quadratic congruence of even composite
modulus- a product of two powered odd primes in two special cases for formulation of its solutions. The formulation
discovered is justified and verified by solving some suitable examples. No need to use Chinese remainder Theorem.
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INTRODUCTION

Here, a standard quadratic congruence of even composite modulus- a product of two powered odd primes in two special cases,
is discussed and formulated. It is of the type: x? = a? (mod 2'p™q") , p being a positive prime integer & m, n, r positive integers.
Such type of standard quadratic congruence is not formulated earlier.

LITERATURE REVIEW

In different books on Number Theory, no formulation is found for the said congruence. Much had been written on standard
quadratic congruence of prime modulus. A short discussion is given by Thomas Koshy [1]. He used Chinese Remainder Theorem
for solutions.

In this paper, the author took the opportunity of formulating the congruence for solutions. The author formulated many standard
quadratic congruence of composite modulus [2], [3], [4], [5], [6], [7], [8]. In this sequence of formulation the author found this
present quadratic congruence unformulated and hence it is considered.

NEED OF RESEARCH

The literature of mathematics do not show any formulation of solutions of the said congruence except the Chinese Remainder
Theorem (CRT). It is a very lengthy procedure. It is not a good method for readers. It is time-consuming and to have remedy,
formulation is necessary. This is the need of my research.

PROBLEM-STATEMENT

Here the problem is-“To formulate the solutions of the standard quadratic congruence of even composite modulus of the
type: x? = a?(mod 2"p™q")

with p an odd prime & m, n, r positive integer in two special cases:
Case-1: a = p,

Case-ll: a = q.

ANALYSIS & RESULTS

Here the author wishes to discuss the existed method in brief.

Solution by Existed Method

Consider the case-I. Let a = p.

In the existed method, to apply CRT, the congruence under consideration is split into individual congruence as:

x2 =p2 (mod 2") v v v e een . (1)
x2 = p2 (Mod p™) wvvev vt v et e e (2)
x2 = p2 (Mod q®) v cev cev ve e e e e e (3.
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The congruence (1) has four solutions if r > 3.
The congruence (2) has exactly p-solutions and the congruence (3) has exactly two solutions.
So, the congruence under consideration must have 4.p.2= 8p solutions [2].

These solutions can be obtained by solving the individual congruence separately and the common solutions are obtained nu using
CRT.

Now consider the case-I1.

Let a = g. As in above, the individual congruence are:

x2 = q%2 (mod 27) e ee cev ee ee e (1)
x2 = @2 (Mod p™) wovvevver e e e e e (2)
x2 = q%2 (Mod ™) e ee ee e ee et e e e (3)

The congruence (1) has four solutions, if r = 3.
The congruence (2) each has exactly two solutions and the congruence (3) has exactly g- solutions.
So, the congruence under consideration must have 4.2.q = 8q solutions [1].

These solutions can be obtained by solving the individual congruence separately and the common solutions are obtained nu using
CRT.

Formulation of Solutions
Consider the congruence: x? = a?(mod 2"p™q").
Case-l: a = p.
Let us consider that a = p.
Consider x = 2" 1p™~1q"k + p (mod 2" p™q™)
Thenx? = (27 p™~1q"k + p )?
= (2" 1p™1g'k)? + 2. 2" p™1q k. p + p? (mod 2p™q™)
= (2"'p™'q"k)? £ 2"p™q"k + p? (mod 2"p™q")
= 2"p™q"k( 2"*p™ 2q"k £ 1)+ p? (mod 2"p™q")
=p? (mod 2"p™q")
But fork = 2p, the congruence has the same solution as for k = 0.
Thus, the solutions are x = 2" 1p™~1qtk + p (mod 2'p™q"); k= 0,1, 2, ..., 2p — 1).
These are 4p-solutions of the congruence.
The remaining 4p-solutions, consider
x = £(2p™'q"k £ p) (mod 2"p™q")
Then, x? = (2p™~1q"k + p )?
= (2p™1q"k)? + 2.2p™ 1q"k. p + p? (mod 2"p™q")
= (2p™'q"k)? £ 4p™q"k + p? (mod 2"p™q")
=4p™q"k(p™*q"k £ 1) + p* (mod 2"p™q")
= 22pMg". 2" 2t + p? (mod 2"p™q"), if p™2q"k + 1 = 2" 2¢,
= 2'p™mq"t + p%(mod 2 p™q")
= p? (mod 2" p™q™).

Thus, x = +(2p™1q"k + p) (mod 2 p™q™); if p™~2q"k + 1 = 2'2t gives the remaining solutions.
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Case-ll:a = q.
Let us consider that a = q.
Consider x = 2" 1p™q"~1k + q (mod 2"p™q")
Then x? = (2" 'p™q" 'k + q)?
= (2" 1pmq" 1k )? + 2. 2" 1p™q" k. q + g% (mod 2"p™q")
= (2"'p™q"'k)* £ 2"p"q"k + ¢* (mod 2"p™q")
= 2"p™q"k( 2" ?p™q" "’k + 1) + q* (mod 2"p™q")
= g% (mod 2"p™q").
But for k = 2q, the solution is the same as for k = 0.
Thus, x = 2" 1p™q" 'k + q (mod 2"p™q") gives the 4q — solutions.
For the remaining solutions, consider
x = (2p™qk + q) (mod 2"p™q").
Then, x* = (2p™1q"k + q )?
= (2p™q"'k)* £2.2p"q" 'k.q + q” (mod 2"p"q")
= (2p™q"'K)* + 4p™q"k + ¢ (mod 2"p™q")
=4p™q"k(p™q"’k £ 1) + q” (mod 2"p"q")
= 22p™q". 22t + q* (mod 2'p™q"), if k(p™q" 2k + 1) = 2" 2t.
= 2"p™q"t + q*(mod 2"p™q")
= q% (mod 2"p™q").
Thus, x = £(2p™q" 'k + q) (mod 2"p™q"); ifk( p™q" 2k * 1) = 2"t gives the remaining solutions.
ILLUSTRATIONS BY FORMULATION
Example-1:
Consider the congruence: x? = 9 (mod 3600).
It can be written as x? = 3% (mod 16.9.25)i. e.x> = 3% (mod 2*.32.52)
It is of the type x? = a% (mod 2"p™q")withp = 3,q =5 &a = 3.
It has exactly 8p = 8.3 = 24 solutions.
Its twelve solutions are given by:
x =27 1p™1g"k + q (mod 2"p™q" );k=10,1,2,......... ,2p— 1.
= 2413152k + 3 (mod 2*.32.52);k=0,1,2,3,4,5.
= 23.31.52k + 3 (mod 16.9.25)
= 600k + 3 (mod 3600)
=0+3;600+3;1200 + 3; 1800 + 3; 2400 + 3; 3000 + 3 (mod 3600).
= 3,3597;597,603; 1197,1203; 1797,1803;2397,2403;2997,3003(mod 3600)
The other twelve solutions are given by
x = +(2p™1q"k + q) (mod 2"p™q"); ifk( p™2q"k + 1) = 2" %t.
= +(2.3.25k + 3) (mod 2* 523%)
= +(150k + 3) (mod 3600); if 25k + 1 = 4t.
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Fork=1,onehave25-1=24=4.6
So, x = +(150 — 3) (mod 2'p™q"™)
= 1147 ( mod 3600)
= 147,3453 (mod 3600).
Also for k = 3,one have 25.3+1 =76 = 4.19
S0, x = +(450 + 3) (mod 3600)
= 1453 (mod 3600)
= 453,3147 (mod 3600).
Also for k = 5,one have 25.5—1 =124 = 4.31
S0, x = +(750 — 3) (mod 3600)
= 1747 (mod 3600)
= 747,2853 (mod 3600).
Also for k = 7,one have 25.7 + 1 = 176 = 4.44
S0, x = +(1050 + 3) (mod 3600)
= +1053 (mod 3600)
= 1053,2547 (mod 3600).
Also for k = 9,one have 25.9 — 1 = 224 = 4,56
S0, x = +(1350 — 3) (mod 3600)
= +1347 (mod 3600)
= 1347,2253 (mod 3600).
Also for k = 11,one have 25.11 + 1 = 276 = 4.69
S0, x = +(1650 + 3) (mod 3600)
= +1653 (mod 3600)
= 1653,1947 (mod 3600).
Thus, the other twelve solutions are
x = 147,3453; 453,3147; 747,2853; 1053,2547;
1347,2253;1653,1947 (inod 3600).
Therefore, these are the twenty four solutions of the congruence.
Example — II:
Consider the congruence: x? = 25 (mod 3600).
It can be written as x% = 52 (mod 16.9.25)i.e.x* = 5 (mod 2*.32.5%)
It is of the type x? = p? (mod 2"p™q™)withp =3,q=5&a = 5.
It has exactly 8p = 8.5 = 40 solutions. Its twenty solutions are given by:
x=2""1pm"q" 'k + q (mod 2"p™q" );k=0,1,2, ......... ,2q — 1.
= 2413251k + 5 (mod 2*.32.52);k=0,1,2,3, ........,8,9.
=23.32.5k + 5 (mod 16.9.25)
=360k + 5 (mod 3600)
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=0+5;360+5;720 + 5;1080 + 5;1440 + 5; 1800 + 5;
2160 + 5;2520 + 5;2880 + 5;3240 + 5 (mod 3600).
= 5,3595;355,365; 715,725; 1075,1085;1435,1445;1795,1805;
2155,2165;2515,2525; 2875, 2885; 3235,3245(mod 3600)
The other twenty solutions are given by
x = +(2p™q" 'k £ q) (mod 2"p™q™); if k(p™q" 2k + 1) = 27 %¢.
= 4(2.9.5k + 5) (mod 2*.p*q?)
= +(90k + 5) (mod 3600); if 9k + 1 = 4t.
Fork =1,onehave9—-1=8=4.2
So, x = +(90 — 5) (mod 2"p™q™)
= 185 ( mod 3600)
= 85,3515 (mod 3600).
Also for k = 3,one have 9.3 +1=28=4.7
S0, x = +(270 + 5) (mod 3600)
= +275 (mod 3600)
= 275,3325 (mod 3600).
Also for k = 5,one have 9.5 -1 =44 =4.11
S0, x = +(450 — 5) (mod 3600)
= +445 (mod 3600)
= 445,3155 (mod 3600).
Alsofork=7, 9.7+1=64=4.16
So, x = £(630 + 5)(mod 3600)
= 4635 (mod 3600)
= 635,2965 (mod 3600)
Also, fork = 9,one have 81 —1 = 80 = 4.20
So, x = +(810 — 5)(mod 3600)
= 1805
= 805,2795 (mod 3600)
Also fork =11, 9.11+1 =100 = 4.25
So, x = +(990 + 5)(mod 3600)
= 1995 (mod 3600)
= 4995,2605 (mod 3600)
Also, for k =13, 9.13 -1 =116 = 4.29
So, x = +(1170 — 5) (mod 3600)
= 11165 (mod 3600)
= 1165, 2435 (mod 3600)
Also, for k =15, 9.15+1 =136 =4.34
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So, x = +(1350 + 5) (1nod 3600)
= 41355 (mod 3600)
= 1355,2245 (mod 3600)
Also, fork =17, 9.17 -1 =152 =4.38
So, x = +£(1520 — 5) (mod 3600)
= 11515 (mod 3600)
= 1515,2085 (mod 3600)
Also,fork=19, 9.19+1 =172 =4.43
So, x = +(1720 + 5) (mod 3600)
= 41725 (mod 3600)
= 1725,1875 (mod 3600)
Thus, the other twenty solutions are
x = 85,3515;275,3325;445,3155;635,2965; 805,2795
995, 2605; 1165, 2435; 1355,2245;1515,2085;1725,1875 (mod 3600)
Therefore, these are the forty solutions of the congruence.
CONCLUSION

In this paper, finding solutions of a class of standard quadratic congruence of even composite modulus- a product of two powered
odd prime in two special cases is formulated and compared with the existed method using CRT. Formulation gives solutions in less
time.
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