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Abstract: In this paper, a standard cubic congruence of even composite modulus —an even multiple of power of three is
considered for discussion. After rigorous study the Formulations of the solutions of the said congruence are established. It
is found that the Cubic congruence under consideration have exactly three solutions for an odd and Even positive integer.
It has nine incongruent solutions for a = 3; and has twenty seven incongruent solutions for other multiples of three.
The Author’s formulations make It easy to find the required solutions. Formulation is proved time-saving.
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INTRODUCTION

Here the author’s aim is to establish formulations of solutions of standard cubic congruence of composite modulus- an even multiple
of power of three. It is the congruence of the type: x® = a3 (mod 2. 3™). Such congruence are always solvable.

A very little material is found in the literature of mathematics about the solutions of a standard cubic congruence of composite
modulus. A cubic congruence of prime modulus is only defined by Koshy [2]. Zuckerman also had defined a cubic residue [3].
But no formulation is found for the cubic congruence of composite modulus except the author’s formulation on some standard cubic
congruence of even composite modulus [4],

[5], [6].

PROBLEM STATEMENT
Here, the problem under consideration is to find a formulation of the solutions of the Standard cubic congruence of even
composite modulus of the type:

X3 = a® (mod 2.3") in two different cases:
Case — I: When a # 3i;
Case — II: Whena =3;1=1,2,3...........

ANALYSIS AND RESULT
Case-I: Leta # 31.
Consider the cubic congruence: x3 = a® (mod 2. 3%).
For the solutions, let us consider x = 2.3" 'k + a (mod 2.3"), k=0,1,2 ... ... ...
Then x3 = (2.3" 'k + a)® (mod 2.3")
= (2.3 k)3 + 3.(2.3"'k)%.a + 3.2.3" 'k.a? + a® (mod 2.3")
= 2.3"k{a? + 2.3" ka + 22.32"73k} + a3 (mod 2.3")
= a® (mod 2.3"), for a for any positive integer.
Thus, x = 2.3" 1k + a (mod 2. 3") satisfies the said congruence.
Hence, it is a solution of the congruence.
But for k = 3, the solution becomes x = 2.3"1.3 + a (mod 2. 3")
=2.3"+a(mod 2.3")
=a(mod 2.3")
Which is the same as for the solution for k = 0.
Fork = 4,5, ..... the solutions are also the same asfork =1,2.....
Thus, the congruence has exactly three incongruent solutions
x = 2.3" 'k + a (mod 2.3"), for any integer a, k = 0,1, 2.
But for a = 3, consider x = 2.3"2k + 3 (mod 2.3"),
Then x3 = (2.3" 2k + 3)3 (mod 2.3")
= (2.3"72k)3 + 3.(2.3"72k)%.3 4 3.2.3"2k. 32 4 33 (mod 2.3")
= 2.3"k{3% + 2.3""'k. 3 + 22.32"73k} + 33 (mod 2.3")
= 33 (mod 2.3"), for a for any positive integer.

IJRTI2004019 International Journal for Research Trends and Innovation (www.ijrti.org


http://www.ijrti.org/

© 2020 IJRTI | Volume 5, Issue 4 | ISSN: 2456-3315

Thus, x = 2.3" %k + 3 (mod 2. 3™) satisfies the said congruence.
Hence, it is a solution of the congruence.
But for k = 9, the solution becomes x = 2.3"72,9 + 3 (mod 2.3")
= 2.3" 4 3 (mod 2.3")
= 3 (mod 2.3™)
Which is the same as for the solution for k = 0.
Fork = 10,11, ... ...... the solutions are also the sameas fork =1,2 ... ...
Thus, the congruence has exactly nine incongruent solutions
x = 2.3"2k + 3 (mod 2.3"), for any integera, k=0,1,2,3,4,5,6,7,8.
Butifa =31 =2,3,...., then for x = 2.3 3k + 3 [ (mod 2.3"),
x3 = (2.3"3k + 31)3 (mod 2.3M)
= (2.3"73k)3 4 3.(2.3"3k)2.31 + 3.2.3"3k. (31)% + (3 1)3 (mod 2.3")
= (3 D3+ 2.3"(......) (mod2.3")
= (313 (mod2.3").
Therefore, x = 2.3" 3k + 3 | (mod 2. 3") satisfies the cubic congruence and hence it is a solution of it.
But for k = 27 = 33, the solution reduces to x = 2.3"73.3% + 3 [ (mod 2.3")
= 2.3" 4 3l (mod 2.3™)
= 31 (mod 2.3™)
Thus, it is the same solution as for k = 0.

Similarly, it is also seen that for k = 28, 29, ... ..., the solutions repeat as for k = 1, 2, .....
Therefore, the congruence has twenty seven solutions: x = 2.3" 3k + 3 [ (mod 2.3");
k=12, .. ......,26.

Sometimes, in the cubic congruence, the integer a may not be a perfect cube. The readers have to make it so, by adding multiples
of the modulus [1].

ILLUSTRATIONS
Consider the congruence: x3 = 17 (mod 54).
It can be written as x3 = 17 + 2.54 = 125 = 53 (mod 2.3%) witha = 5.
It is of the type: x® = a3 (mod 2. 33).
Such congruence has exactly three solutions which are giving by
x=2.3"k +a(mod 2.3");k=0,1,2.
= 2.3%k + 5 (mod 2.3%). = 18k + 5 (mod 54)

= 3,23,41 (mod 54); k = 0,1, 2.
Consider the congruence: x> = 8 (mod 2. 33).
It can be written as x® = 8 = 23 (mod 2.33) witha = 2.

Such congruence has exactly three solutions which are giving by
x=2.3""k+a(mod2.3");k=0,1,2.

=2.32k+ 2 (mod 2.3%);k = 0,1, 2.

= 18k + 2 (mod 54)

= 2,20,38 (mod 54).
Consider the congruence: x> = 27 (mod 54).
It can be written as x3 = 27 = 3% (mod 2.3%) witha = 3.
It is of the type: x® = 3% (mod 2.33).

Such congruence has exactly nine solutions which are giving by
x = 2.3" 2k + 3 (mod 2.3"); k= 0,1, 2.
= 2.3'k + 3 (mod 2.33). = 6k + 3 (mod 54)
= 3,9,15,21,27,33,39,45,51 (mod 54); k=10,1,2,3,4,5,6,7,8.
Consider the congruence: x3 = 216 (mod 486).
It can be written as x3 = 216 = 6 (mod 486) with a = 6.
It is of the type: x3 = a3 (mod 2.3") withn = 5.

Such congruence has exactly twenty seven solutions which are giving by
X = 23" 3Kk 4+ 6 (Mod 2.3"); K =0,1,2 e ces v ces eee e e e, 26
= 2.3%k + 6 (mod 2.3%). = 18k + 6 (mod 486)
= 6,24,42,60,78,96,114,132,150,168, 186,204, 222,
240, 258,276,296,312,330,348,366,384,402,420,438,
456,474, (mod 486); K =0,1,2,3, e ces cev ver e ere vee
Consider the congruence: x3 = 729 (mod 1458).
It can be written as x3 = 729 = 93 (mod 2.729) witha = 9.
i.e.x® =93 (mod 2.3%)

.., 26.
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It is of the type: x3 = a3 (mod 2.3") withn = 6.

Such congruence has exactly twenty seven solutions which are giving by
Xx=23"3k+9 (mMod 2.3");k=0,1,2 e cee es cvt s evr e enre, 26
= 2.3%k+ 9 (mod 2.33). = 54k + 9 (mod 1458)
=9,63,117,171,225,279,333,387,441,495,549,603,657,711,
765,819,873,927,981,1035,1089,1143,1197,1251, 1305,1359,
1413 (mod 1458); k=0,1,2,3, . cee cev ve ce ver e eve e, 26,

CONCLUSION

Thus, it can be concluded that the said congruence: x3 = a3 (mod 2. 3™) has exactly three incongruent solutions:
x=2.3"k+a(mod2.3");k=0,1,2.

But if a = 31, the congruence has nine solutions for [ = 1:

x = 2.3 2k + 3 (mod 2.3");k = 0,1,2 .........8.
For [ = 2,3, .....,the congruence has twenty seven solutions:
x=2.3"3k+3 (mod 2.3");k=0,1,2 ...... .. 26.

MERIT OF THE PAPER
In this paper, the standard cubic congruence of even composite modulus-an even multiple of power of three is studied for its
solutions and is formulated. This lessens the labour of the readers to find the solutions. This is the merit of the paper.
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