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Abstract: In this review study, the author’s previously published paper, “Formulation of a class of solvable standard cubic 

congruence of even composite modulus” is again considered for formulation. The formula for solutions already obtained by 

the author is found   true as was formulated. It was also found that the congruence had exactly three solutions. But on 

rigorous review of the paper, the formula for the solutions is modified in terms of odd-even integers. The new formulation 

is the merit of the paper. It is needless to use Chinese Remainder Theorem. The formulation is the alternative of CRT which 

gives solutions directly in a short time. 
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INTRODUCTION 

The standard cubic congruence is a part of Number Theory, not much studied. A very little material is found in the literature except 

the author’s formulation of cubic congruence [1] to [9]. Hence, the author wants to study the cubic congruence for the formulation 

of the solutions. Here is another solvable standard cubic congruence of even composite modulus, the author considered for 

formulation: 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 2𝑚3𝑛).  

EXISTED METHOD 

The literature of Mathematics says that the said congruence can be easily solved by using CRT (Chinese Remainder Theorem) [10]. 

In this method, the original congruence can be split into two separate standard cubic congruence as under: 

   𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 2𝑚) … … … … … … … … … … … … (1) 

  &  𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 3𝑛) … … … … … … … … … … … . (2). 

 Solving these congruence, separate solutions can be obtained (how?).  

(These congruence can be solved easily by author’s published methods).Then, using CRT, the common solutions 𝑖. 𝑒. solutions of 

the original congruence can be obtained. It is a time-consuming method. 

NEED OF RESEARCH 

It is found that the already published paper needs a review and a review is made for the urgent publication through a thorough 

review study. This is the need of this paper. 

There is no alternative of the use of CRT for solutions of the said congruence. An alternative formulation of CRT method is in an 

urgent need. Also, the previous formulation needs a modification. The author tried his best to develop a modified formulation of 

this problem as an alternative of CRT and succeed. This is the need of this research paper. 

PROBLEM-STATEMENT 

The author wishes to formulate the solutions of the said standard cubic congruence of even composite modulus of the type: 𝑥3 ≡
𝑎3 (𝑚𝑜𝑑 2𝑚. 3𝑛);  𝑚, 𝑛 ≥ 1, 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

  𝑖𝑛 𝑡𝑤𝑜 𝑐𝑎𝑠𝑒𝑠: 

Case-I: When 𝑎 is an even positive integer; 

Case-II: When 𝑎 is an odd positive integer. 
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ANALYSIS & RESULT 

 The congruence under consideration is: 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 2𝑚3𝑛). 

Case-I: Let 𝑎 be an even positive integer. 

For the solutions, let 𝑥 ≡ 3𝑛−12𝑚−2𝑘 + 𝑎  (𝑚𝑜𝑑 2𝑚3𝑛) 

Then,  𝑥3 ≡ (3𝑛−12𝑚−2𝑘 + 𝑎)3 

      ≡ (3𝑛−12𝑚−2𝑘)3 + 3. (3𝑛−12𝑚−2𝑘)2. 𝑎 + 3. (3𝑛−12𝑚−2𝑘). 𝑎2 + 𝑎3 ( 𝑚𝑜𝑑 2𝑚3𝑛) 

      ≡ 𝑎3 + 3𝑛−12𝑚−2{(3𝑛−12𝑚−2𝑘)2 + 3(3𝑛−12𝑚−25)1. 𝑎 + 3𝑎2} 

      ≡ 𝑎3 + 3𝑛−12𝑚−2{(4.3)𝑡}, 𝒊𝒇 𝒂 𝒊𝒔 𝒆𝒗𝒆𝒏 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 & 𝒎 ≥ 𝟒,  

      ≡ 𝑎3(𝑚𝑜𝑑 2𝑚3𝑛). 

Thus, 𝑥 ≡ 3𝑛−12𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 2𝑚3𝑛)  satisfies the cubic congruence under consideration. 

Therefore, it must be a solution of it for some values of 𝑘 = 0, 1, 2, … . . , 11,12, … . .. 

If 𝑘 = 12 = 3.4, then,  𝑥 ≡ 3𝑛−12𝑚−2. (3.4) + 𝑎 = 3𝑛2𝑚 + 𝑎 ≡ 𝑎 (𝑚𝑜𝑑 3𝑛2𝑚). This is same as 𝑘 = 𝑜. 

Similarly it can also be shown that for 𝑘 = 13, 14, … .. the solutions are the same as for 

 𝑘 = 1, 2 , … . ., Respectively. Therefore, the congruence has exactly twelve solutions. 

Case-II: Let 𝑎 be an odd positive integer. 

So, as seen in case-I, it cannot be applied for odd positive integer. So, some other formulation is needed. For that, consider 

  𝑥 ≡ 2𝑚. 3𝑛−1𝑘 + 𝑎 (𝑚𝑜𝑑 2𝑚. 3𝑛); 𝑘 = 0, 1, 2, which is the same as the previous formulation.These gives only three solutions for 

𝑘 = 0, 1, 2. 

ILLUSTRATIONS 

Consider the congruence  𝑥3 ≡ 33 (𝑚𝑜𝑑 864). 

Here, 864 = 32.27 = 2533. 

So, the congruence under consideration becomes 𝑥3 ≡ 33 (𝑚𝑜𝑑 2533). 

It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 2𝑚3𝑛) 𝑤𝑖𝑡ℎ 𝑎 = 3, 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟;  𝑛 = 3, 𝑚 = 5. 

Therefore, the congruence has exactly three solutions. 

The three solutions are given by 𝑥 ≡ 3𝑛−12𝑚𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑛2𝑚)𝑓𝑜𝑟 𝑘 = 0,1, 2. 

                                                 ≡ 33−125𝑘 + 3 (𝑚𝑜𝑑 2533) 

                                                 ≡ 9.32. 𝑘 + 3 (𝑚𝑜𝑑 32.27) 

                                               ≡ 288𝑘 + 3 (𝑚𝑜𝑑 864) 

                                             ≡ 3, 291, 579 (𝑚𝑜𝑑 864) 𝑓𝑜𝑟 𝑘 = 0, 1, 2.      

Consider the congruence 𝑥3 ≡ 23 (𝑚𝑜𝑑 5184) 

Here, 5184 = 64.81 = 2634. 

So, the congruence under consideration becomes 𝑥3 ≡ 23 (𝑚𝑜𝑑 2634). 

It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 2𝑚3𝑛) 

  𝑤𝑖𝑡ℎ 𝑎 = 2, 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟;  𝑛 = 4, 𝑚 = 6. 

http://www.ijrti.org/


         © 2019 IJRTI | Volume 4, Issue 11 | ISSN: 2456-3315 

IJRTI1911006 International Journal for Research Trends and Innovation (www.ijrti.org) 31 
 

It has twelve solutions. 

The twelve solutions are given by 𝑥 ≡ 3𝑛−12𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑛2𝑚)𝑓𝑜𝑟 𝑘 = 0,1, 2 … … 11. 

                                                 ≡ 34−126−2𝑘 + 2 (𝑚𝑜𝑑 2634) 

                                                 ≡ 27.16. 𝑘 + 2 (𝑚𝑜𝑑 64.81) 

                                               ≡ 432𝑘 + 2 (𝑚𝑜𝑑 5184) 

                                             ≡ 2, 434, 866, 1298, 1730, 2162, 2594, 3026,  

                                                    3458, 3890, 4322, 4754 (𝑚𝑜𝑑 5184)  

 𝑓𝑜𝑟 𝑘 = 0, 1, 2 … … . .11.      

Consider the congruence  𝑥3 ≡ 343 (𝑚𝑜𝑑 864). 

Here, 864 = 32.27 = 2533;    &   343 = 73. 

So, the congruence under consideration becomes 𝑥3 ≡ 73 (𝑚𝑜𝑑 2533). 

It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 2𝑚3𝑛) 𝑤𝑖𝑡ℎ 𝑎 = 7, 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟;  𝑛 = 3, 𝑚 = 5. 

It has exactly three solutions. 

The three solutions are given by 𝑥 ≡ 3𝑛−12𝑚𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑛2𝑚)𝑓𝑜𝑟 𝑘 = 0,1, 2. 

                                                 ≡ 33−125𝑘 + 7 (𝑚𝑜𝑑 2533) 

                                                 ≡ 9.32. 𝑘 + 7 (𝑚𝑜𝑑 32.27) 

                                               ≡ 288𝑘 + 7 (𝑚𝑜𝑑 864) 

                                             ≡ 7, 295, 583 (𝑚𝑜𝑑 864) 𝑓𝑜𝑟 𝑘 = 0, 1, 2.    

  Consider the congruence 𝑥3 ≡ 43 (𝑚𝑜𝑑 2592) 

Here, 2592 = 32.81 = 2534. 

So, the congruence under consideration becomes 𝑥3 ≡ 43 (𝑚𝑜𝑑 2534). 

It is of the type 𝑥3 ≡ 𝑎3 (𝑚𝑜𝑑 2𝑚3𝑛) 

  𝑤𝑖𝑡ℎ 𝑎 = 4, 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟;  𝑛 = 4, 𝑚 = 5. 

It has twelve solutions. 

The twelve solutions are given by 𝑥 ≡ 3𝑛−12𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 3𝑛2𝑚)𝑓𝑜𝑟 𝑘 = 0,1, 2 … … 11. 

                                                 ≡ 34−125−2𝑘 + 2 (𝑚𝑜𝑑 2534) 

                                                 ≡ 27.8𝑘 + 2 (𝑚𝑜𝑑 32.81) 

                                               ≡ 216𝑘 + 4 (𝑚𝑜𝑑 2592) 

                                             ≡ 4, 220, 436, 652, 868, 1084, 1300,1516, 1732,  

                                                    1948, 2164, 2380 (𝑚𝑜𝑑 2592)  

 𝑓𝑜𝑟 𝑘 = 0, 1, 2 … … . .11.      
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CONCLUSION 

Thus, it can be concluded that the standard cubic congruence under consideration is reviewed and formulated by the establishment 

of the new formula for solutions:  

 𝑥 ≡ 3𝑛−12𝑚𝑘 + 𝑎 (𝑚𝑜𝑑 2𝑚3𝑛) 𝑤𝑖𝑡ℎ 𝑘 = 0, 1, 2, 𝑖𝑓 𝑎 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

Therefore, the congruence has exactly three solutions. 

But if 𝑎 is an even positive integer, the congruence has exactly twelve solutions given by 

𝑥 ≡ 3𝑛−12𝑚−2𝑘 + 𝑎 (𝑚𝑜𝑑 2𝑚3𝑛) 𝑤𝑖𝑡ℎ 𝑘 = 0, 1, 2, … . . ,11, 𝑖𝑓 𝑎 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒. 

MERIT OF THE PAPER 

 The standard cubic congruence under consideration is re-formulated without using CRT. Formulation is the merit of the paper. It 

is a time-saving and simple method. 
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