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1. INTRODUCTION

Continuity is one of the major research areas in Mathematical sciences. Many different forms of continuous functions have been
introduced by Mathematicians over the years. Some of them are strongly continuous functions (Levine 1963), contra continuous
functions (Dontchev1996), supra continuous functions (Mashhour 1983) and Jain introduced the totally continuous functions in
1980.

The concept of extending a topology by a non open set was proposed by Levine in 1963.A simple extension of a topology 7 is
defined as 1(B) = {(BMO’) U O/ 0,0’ € 1} by Levine. The purpose of the present paper is to study some new forms of totally
Qg" -continuous totally Qg,"- irresolute and Qg -totally continuous functions in extended topological spaces and investigate
some of their properties.

Throughout this paper X, Y and Z (or (X, t),(Y, ") and (Z,77 %)) are simple extension topological space in which no separation

axioms are assumed unless and otherwise stated. For any subset A of X, the interior of A is same as the interior in usual topology
and the closure of A is newly defined in simple extension topological space.

2. PRELIMINARIES
Some definitions and basic concepts related to this paper.

Definition 2.1: A subset A of a topological space (X,t) is said to be,

(i) regular open set [13], if A = int(cl(A)) and a b-open set [1],if A € cl(int(A)) U int(cl(A)).
(ii) a generalized closed (briefly g-closed) [5] if cl(A)SU whenever AU and U is open.
(iii)a generalized b-closed (briefly gb-closed) [5] if bel(A)<U whenever ACU and U is open.
(iv)mgb-closed[12] if bcl(A)cA whenever AcU and U is n-open in (X,1).

By nGBC(X,t) we mean the family of all tgb-closed subsets of the space (X,1)
Definition 2.2: A subset A of a topological space (X,t") is said to be,

(i) regular® open set[9] if A = int(cl*(A)) and b*-open set, if AScl*(int(A))uint(cl*(A)).

(ii) a generalized” closed[9] (briefly g*-closed) if cI*'(A)SU whenever ACU and U is open.
(iii)a generalized b*-closed[9] (briefly gb*-closed) if bcl*(A)SU whenever ACU and U is open.
(iv)mgb*-closed[10] if bcl'(A)cA whenever AcU and U is m'-open in (X,t°).

By nGB'C(X,t") we mean the family of all mgb'-closed subsets of the space (X,t").

Definition 2.3:A function f: X— Y is

(i) totally- continuous function [3] if the inverse image of every open subset of (Y,o) is a clopen subset of (X,1) .
(ii) totally R™-continuous[4] if f (V) every is R"-clopen subset of X for every open subset of Y.

(iii) totally irresolute[14] if every f (V) is clopen in X for every open set Vin Y.

(iv) quasi irresolute[11] if every f (V) is clopen in X for every clopen set VVin Y.

(V) totally R™-irresolute[4] if the inverse image of every R™-open subset of Y is a R™-clopen subset of Y.

(vi) quasi R™-irresolute[4] if the inverse image of every R™-clopen subset of Y isa R’-clopen subset of X.
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Definition 2.4[6]: Let S be a subset of a topological space (X, T*) we define the sets Qg (S) and Uy, (S) as follows,
Qg (S) = N{GIGERGB O(X,t") and SC G}, Uy'(S) = U{FIF€ nGB*C(X,7") and S2 F}.

Definition 2.5[6]: A subset S of a space (X, T ") is called a Qg -set if S= Qg," (S)

Definition 2.6[6]: A subset A of a space (X, t") is called a Qg,"-closed set if A = SNC where S is Qg "-set and C is a closed set.

Definition 2.7: A function f: (X, T ") - (Y,c") is called
1. ng -continuous[7] if everyf (V) is Qg"-closed in (X,t") for every closed set V of (Y,c").
2. Qg,"-irresolute[7] if (V) is Qg -closed in (X,7") for every Qg -closed set V in (Y,c").

Definition 2.8[7]: A topological space X is a Qq," space if every Qg,"- closed set is closed.
Definition 2.9[8]: A space (X,t") is called a Qg "-locally indiscrete if every Qg "-0pen set in it is closed.

Definition 2.10[4]:A subset A of a topological space (X, ) is called R™-connected if X cannot be written as the disjoint union of
two non-empty R -open subsets.

Definition 2.11[7]: (X, ") is Qg '-To if for each pair of distinct points x, y of X, there exists a Qg,"-open set containing one of
points but not the other.

Definition 2.12[7]: (X, t7) is Qg -T if for any pair of distinct points x,y of X, there is a Qg"-open set U in X such that xeU
andy €U and there isa Qg "-open set V in X such that y €V and x¢V.

Definition 2.13[7]: (X, 1°) is Qg,"- T, if for each pair of distinct points x and y in X there exists a Qg," -open set Uand a Qg -
open set Vin X such that x €U , yeV and UNV= ¢.

3. TOTALLY Qg" -CONTINUOUS FUNCTION

Definition 3.1: A function f : (X, t°) — (Y, ¢") is said to be totally*- continuous function if the inverse image of every open
subset of (Y,s") is a clopen subset of (X,t") .

Definition 3.2: A function f: (X, ") — (Y, ¢") is said to be totally Qg - continuous if the inverse image of every open subset in
(Y ,0") is a Qg -clopen subset in (X ,z°).

Proposition 3.3 :A function f: (X ,t") —(Y ,o") is totally Qg," - continuous if and only if the inverse of every closed subset in (Y
,67) is a Qg "-clopen subset in (X ,7°).

Proof: Assume that f is totally ng - continuous . Let A be any closed subset in Y. Then A®is a open subset in Y. Since f is totally
ng - continuous . Thus, f (A°) is Qg - clopen subset

in X(i.e., ng - open and Qg,"-closed subset in X) . But f - 1(A9=X-f(A) and so f *(A) is both Qg "-closed and Qg,"-open subset .
Hence,f *(A) is Qg "-clopen subset in X.

Conversely, Let G be an open subset in Y. Then G° is closed subset in Y.

By assumption f *(G°) is Qg clopen subset in X (i.e., Qg - open and Qg,"-closed subset in X ). But f~ Y(GH=X-f*(G) and so "
YG)is both ng -closed and Qg,-open subset.

Hence f *(G) is Qg -clopen subset in X. Therefore, f is totally Qg,- continuous function.

Proposition 3.4: Every totally*-continuous function is totally Qg,*-continuous.

Proof: Let f: (X, ") — (Y, ¢") be a totally*-continuous and A be an open subset in Y. Since f is totally*- continuous function.
Thus f (A) is clopen subset in X. Since every open set is Qy"-open and every closed set is Qg,"-closed. This implies that f (A)
is Qg -clopen subset in X. Therefore f is a totally Qg -continuous.

Example 3.5: Let X:Y:{a,b,c} be two topology spaces with topologies T = {(I>X {b,c}}, B={a}, v ={ ®,X,{a},{b,c}}and
o={®d,Y, {a}} B={b}, c'={ ®,Y,{a},{b},{a,b}}. Define (X, ) — (Y,o") by f(a)=c, f(b)=a, f(c)=b. Then the function f
|s totaIIy Qg "-continuous function but f is not totally*-continuous function, since for open set A={a}. fr
Y(A)=f *({a})={b} is not clopen subset in X.

Proposition 3.6: Every totally Qg -continuous function is Qg -continuous
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Proof: Let A be an open subset in Y. Since f is a totally ng -contmuous function. Thus, fYA) is Qg -clopen subset in
X.(i.e., f *(A) is both Qg "-open and Qg,*-closed subset in X). Thus f - YA) is Qg -open subset in X. Therefore f is a Qg
continuous.

Example 3.7: Let X=Y={a,b,c,d} be two topology spaces with topologies ={D,X,{a},{c,d},{a,c,d}},
B={d}, 1 ={®,X,{a},{d},{a,d}.{c,d},{a,c,d}} and c={D,Y,{a},{a,b},{a,b,d}}, B={d}, c'={ ®,Y,{a},{d},{a,b},{a,d}.{a,b,d}},
then

Qg O(X,T)={X,®,{a},{c},{d},{a,b}, {ac},{a,d},{b.d},{cd} ,{a,b,C},{a,b,d},{a,C,d},{b,C,d}QgJC(X,T*F{X,d),{a},{b},{c},{d},

{a,b},{a,c},{b, c} {b,d},{c,d}.{a,b,c}.{a,b,d},{b,c,d}} Define £(X, 1) — (Y.,s") by f(a)=c, f(b)=b, f(c)=a,f(d)=d. Then the
functlon f is Qg "-continuous function, but f is not totally Qg -contlnuous functlon Since for open set A={a, b} inY. f*(A)=f"

({a b})={b,c} is Qg -closed but is not Qg,"-open subset in X. Hence " YA) f1(A)=f'({ab})={b,c} is not Qg "-clopen subset in

Proposition 3.8: Let £:(X, t") — (Y,6") and g:(Y, ©°) — (Z,c") be any two function then gofi(X, 1v") — (Z,6") totally
Qg"- continuous.

(i) If fis Qg"- irresolute and g is totally Qg - continuous then go f is totally Qg"- continuous.
(ii) If fis totally Qg - continuous and g is continuous then go f is totally Qg,"-continuous.
(iii) If f and g are two totally*-continuous functions then go f is totally Qg *-continuous.

Proof (i) Let V be an open set in Z. Since g is totally Qg," contlnuous g (V) is Qg,"-clopen in Y. Since f is Qg -irresolute, f-
Yg (V) is Qg -0pen and Qg,"- closed in X. Since (gof) (V)= (g (V). Hence gofis totally Qg,"-continuous.

(||) Let V be an open set in Z. Since g is continuous, g (V) is open in Y. Also since f is totally Qg,"-continuous, fY(g(V)) is
Qg "-clopen in X. Hence g o fis totally Qg,"-continuous.

(|||) Let V be a Qg,"-0pen subset in Z. Since g totally*-continuous function. Thus g (V) |s clopen subset in Y, this implies that g ~

V)i |s an open subset in Y. By hypothesis f is a totally” contlnuous functlon then f (g *(V)) is clopen in X. Slnce every open set

is Qg,"-0pen set and every closed set is Qg,"-closed set. Thus f Yg'(Vv)) is Qg -clopen subset in X. But f - Y9 V)= (go H(V)

and so (gof) (V) is clopen subset in X.

Hence go fi(X, t°) — (Z,0") totally Qg,"- continuous.

Definition 3.9: A subset A of a topological space (X, t*) is called Qg -connected if X cannot be written as the disjoint union of
two non-empty Qg,*-0pen subsets.

Proposition 3.10: If f is totally Qg,"-continuous map from a Qg,"-connected space X onto another space Y then Y is an indiscrete
space.

Proof: Suppose Y is not an indiscrete space. Let A be a proper non-empty open subset of Y. Since f is totally Qg,"-continuous. f
1(A) is proper non-empty Qg "-clopen subset of X. Then X =f 1(A) U (f *(A))° . Hence X is a union of two non-empty disjoint
Qg "-0pen subsets. This is a contradiction. Thus Y is an indiscrete space.

Proposition 3.11: A space X is Qg -connected if every totally Qg,"-continuous function from a space X into any T, space Y then
f is a constant map.

Proof: Suppose f:(X, 7)) — (Y,o") is totally Qg *-continuous function. Let Y be a T, space. Suppose f is not a constant map, Then
we choose two points x and y in X such that f(x)# f(y).Since Y is a T, space and f(x) and f(y) are distinct points of Y, then
there exist an open set G say in Y containing f(x) but not f(y).Now f(G) is Qg "-clopen subset of X since f is totally Qg"-
continuous. Thus xef*(G) and ygf*(G). Now X =f*(G) U (f'(G))° which is the union of two non-empty Qg *-clopen subsets of
X. Hence X is not Qg,*- connected, which is a contradiction to our hypothesis. Thus f is a constant map.

Proposition 3.12:Let £(X, 1) — (Y,c") be totally Qg -continuous and Y is a T, space. If A is a non-empty Qg,"- connected
subset of X then f(A) is a singleton.

Proof: Suppose f(A) is not a singleton. Let f(x;) = y1€A, f(x, ) = y,€A. since y1,Y,€ Y and Y isa Ty space , then there exist an
open set G in Y (say) containing y; but not y, Since f is totally Qg,"-continuous, Then f'(G) is Qg - clopen set containing x, but
not x,. Now X =f YG) U (f (G))°. Hence X is the union of two non-empty Qg"- open subsets, which is a
contradiction. Thus f(A) is a singleton.

Proposition 3.13: Let (X, t") — (Y,o") be totally Qg,"-continuous injection. If Y is To then X is Qg,"-T> .

Proof: Let x and y be any two distinct points of X. Smce fisan |nject|on then f(x) # f(y). Since Y is T, , there eX|st an open
subset V of Y containing f(x) but not f(y).Then xef (V) and ygf (V). Since f is totally Qg*-continuous, then f (V) is Qg
clopen subset of X. Assume A = f (V) and B = (f * (V))°. Here A and B are two disjoint Qg,"- open subsets of X containing x
and y respectively. Hence X is Qg,*-T, space.
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4. TOTALLY Qg" -IRRESOLUTE FUNCTION

Definition 4.1:A function £:(X, t") — (Y,o") is called totally Qg," - irresolute if the inverse image of every Qg,"- open subset of Y
is a Qg "-clopen subset of X.

Definition 4.2:A function f:(X, t") — (Y,c") is called quasi Qg -irresolute if the inverse image of every Qg,"-clopen subset of Y
in the simple extended topological space is a Qg - clopen subset of X.

Proposition 4.3:Every totally Qg -irresolute function is totally Qg,"-continuous function.

Proof: Let f :X — Y be a totally Qg,"-irresolute function. Let V be a open subset of Y. Since f is totally Qg -irresolute, f *(V) is
Qg "-clopen subset of X in the simple extended topological space. Therefore, f is totally Qg,"-continuous function

Proposition 4.4:Every totally Qg -irresolute function is quasi Qg -irresolute function.

Proof:Let f :X —Y be a totally Qg -irresolute function. Let V be a Qg,"-clopen subset of Y in the simple extended topological
space. Since f is totally Qg,"-irresolute, f1(V)is Qg -clopen subset of X in the simple extended topological space. Therefore, f is
quasi Qg -irresolute function.

Proposition 4.5:1f f :X — Y is totally Q" -continuous function and Y is an Qg," -space, then fis totally Qg," -irresolute.

Proof: Let U be Qg "-open in Y. Since Y is an Qg,"-space, U is open and f is totaIIyQ o' -continuous, T *(U) is Qg -clopen in X
in the slmple extended topological space. Suppose U is Qg," -closed, then Y- U is ng -open in Y. By similar argument f *(Y-U)
is Qg" -clopen in X in the S|mple extended topological space.So f (Y)- f (V) is Qg —clopen in X in the simple extended
topological space. X — f *(U)is Q o -clopen in X in the slmple extended topological space. Then f (U) is Q o -clopen in Xin the
simple extended topological space and hence f is totally Qg," -irresolute

Proposition 4.6: If f :X — Y is totally Qg," -irresolute and g:Y —>Z is Qg," -irresolute, then gofis totally Qg -irresolute.

Proof:Let U be Qg open subset of Z. Since g is ng -irresolute function, g *(U) is Qg," -open subset of Y. Since f is totally
Qg -irresolute function, f- Yg () is Qq," -clopen in X in the simple extended topological space. Hence gof is totally Qg,*-
irresolute.

Proposition 4.7:Let f :X —Y and g:Y — Z be two functions, such that f is quasi Qg," -irresolute and g is totally Qg -irresolute,
then gof s totally Qg "-irresolute.

Proof: Let U be Qg" -open subset of Z. Since g is totally Qg -irresolute functlon 1) is ng -clopen subset of Y in the
simple extended topological space. Since f is qua5| Qg -irresolute function, f - Yg - (U)) is Qg -clopen in X in the simple
extended topological space. Hence go f is totally Qg," -irresolute and contra Qg -irresolute.

Proposition 4.8: Let f :X—Y and g:Y — Z be two functions. Then, if f is totally Qg -irresolute and g is Qg," -continuous then
gofistotally Qg" -continuous.

Proof: Let U be open subset of Z. Since g is Qg -continuous function, g 1) is Qg -0pen subset of Y. Since f is totally ng -
irresolute function. f (g *(U)) is Qg "-clopen in X in the simple extended topological space. Hence geof is totally Qg'-
continuous.

Proposition 4.9:The composition of two totally Qg," -irresolute functions is totally Qg," -irresolute.

Proof: Let U be Qg " -open subset of Z, then g (U) is Qg -clopen subset of Y in the simple extended topological space. Since f
is totaIIy Q" -irresolute function. f (g "(U)) is Qg -clopen in X in the simple extended topological space. Hence g o f is totally
Qg -irresolute.

5. Qg - TOTALLY CONTINUOUS FUNCTION

Definition 5.1: A function f: (X, 1) — (Y, ¢") is said to be Qg -totally continuous function if the inverse image of every Qg
open subset in (Y,s") is a clopen subset in (X,t") .

Proposition 5.2:A function f: (X ,t") —>(Y ,6") is Qg -totally continuous if and only if the inverse of every Qg "-closed subset
in (Y ,6") is a clopen subset in (X 7).

Proof: Let F be any Qg cIosed setin Y. Then Y-F is Qg,"-0pen set in Y. By definition f1(Y-F) is clopen in X.(i.e) X-f (F)
is clopen in X. This implies f *(F) is clopen in X.
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Conversely, If V is ng -open in Y. Then Y-V is ng -closed in Y. By assumption, f 1(Y-V)=X-f}(V) is clopen in X.
This implies f*(V) is clopen in X. Therefore f is Qg,"-totally continuous function.

Proposition 5.3: Every Qg,"-totally continuous function is totally*-continuous.

Proof: Suppose f: X 1) —=(Y 0 ) is Qg -totally continuous and U is any open subset of Y Since every open set is Qg,"-0pen
set, U is Qg,"-open in Y and f: (X ,t") —(Y ,o") is Qg -totally continuous. Hence it follows f (V) is clopen in X.

Example 5.4: Let X=Y={a,b,c} be two topology spaces with topologies T = {®,X,{a,c}}, B={b}, T ={ ®,X,{b},{a,c}land
o={®,Y}, B={a}, 6'={ ®,Y,{a}}. Define £i(X, 1) — (Y,o") by f(a)=c, f(b)=a, f(c)=h. Then the function f
|s totally -continuous function but fis not ng -totally continuous function, since for open set A={a,b}. f-
L(A)=f "*({a,b})={b,c} is not clopen subset in X.

Proposition 5.5: Every Qg,"-totally continuous function is Qg "-continuous.

Proof: Suppose f: (X, 1) (Y ,6") is Qg -totally continuous and U is any open subset of Y. Since every open set is Qg,"-0pen
set, U is Qg -open in Y and f: (X ,t) —(Y ,0") is Qg'-totally contlnuous Thus, f (V) is clopen in X. Since every open set is
Qg "-open and every closed set is Qg,"-closed. This implies that f - L) is Qg -open in X. Therefore f is Qg -continuous.

Example 5.6: Let X=Y={a,b,c} be two topology spaces with topologies T = {CD,X,{C}}, B={a,b}, 1" ={ ®,X,{c},{a,b}}and
o={d,Y,{b,c}}, B={b}, 6'={ ®,Y,{b},{b,c}}. Define (X, ") — (Y,o") by f(a)=h, f(b)=a, f(c)=c. Then
the function f is Qg'-continuous function but f is not Qg'-totally continuous function, since for open set A={b}.
f1(A)=F"({b})={a} is not clopen subset in X.

Proposition 5.7: Let f: (X 1) —(Y ,6") be a function where X and Y are simple extension topological spaces. Then the
following condition are equivalent.

(i) fis Qg -totally continuous

(i) For each xeX and each Qg,"-open set V in Y with f(x)€V, there is clopen set U in X such that xeU and f(U)c V.

Proof: (i) = (ii) Suppose f is Qg,"-totally continuous and V be any Qg,*-open set in Y containing x. so that xef (V). Since f is
Qg "-totally continuous, f (V) is clopen in X. Let U=f (V) then U is clopen set in X and xeU. Also f(U)=f(f *(V))cV. This
implies f(U)cV.

(i) = (i) Let V be Qg,"-open in Y. Let xef "}(V) be any arbitrary point. This implies f(x)eV. Therefore by (ii) there is clopen set
f(U,)cY containing x such that f(U,)cV which implies U,cf (V) is clopen neighbourhood of x. Since x is arbitrary. It implies f
(V) is clopen neighbourhood of each of its points. Hence it is clopen set in X. Therefore f is Qg -totally continuous.

Proposition 5.8: For a function f: (X ,t") —(Y ,o") the following properties hold
0] If f is continuous and X is locally indiscrete then f is totally*-continuous.
(i) If f is totally continuous and Y is Qg -space then f is Qg,"-totally continuous.

Proof: (i) Let V be open in Y. Since f is continuous and X is locally indiscrete, f (V) is open and closed in X. Hence f (V) is
clopen in X. Therefore f is totally continuous. (i) Let V be Qg -0pen in Y. Then Y-V is Qg *-closed in Y. Since Y
is ng -space,Y-V is closed in Y, which implies V is open in Y. Since f is totally continuous f (V) is clopen in X. Therefore f is
Qg "-totally continuous.

Proposition 5.9: The composition of two Qg -totally continuous function is Qg,"- totally continuous.
Proof: Let V be Qg -closed set in Z. Since g is Qg "-totally contlnuous function g (V) is clopen in Y Theng (V) isclosed in Y
WhICh is Qg "-closed set in Y. Since fis ng -totally continuous f *(g *(V)) is clopen in X. But f (g *(V))=(g° f)}(A) and so (g ©

)™ (A) is clopen in X. Therefore g o f is Qg *-totally continuous.

Proposition 5.10: If £:(X, 1) — (Y,o") is Qg -totally continuous and g:(Y, t°) — (Z,c") is Qg -irresolute then go £:(X, t°) —
(Z,6%) is Qg,"-totally continuous.

Proof LetV bea ng -open set in Z. Since g is Qg,"-irresolute, g (V) is Qg -open set in Y. Since f is Qg -totally continuous
(g (V)) is clopen in X. Therefore go f is Qg,"-totally continuous.

Proposition 5.11: If £(X, t°) — (Y,o") is Qg "-totally continuous and g:(Y, ") — (Z,6") is Qg -continuous then go £(X, t°) —
(Z,6") is totally*- continuous.

Proof Let V be a open set in Z. Since g is Qg,"-continuous, g (V) is Qg"-open set in Y. Since f is Qg,"-totally continuous f (g~
'(V)) is clopen in X. Therefore g o f is Qg "-totally continuous.
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Proposition 5.12: If £:(X, 1) — (Y,o") is Qg "-closed map and g:(Y, t") — (Z,c") be any function. If go £:(X, t°) — (Z,6") is
Qg -totally continuous then g is Qg -irresolute.

Proof: Let go (X, 1) — (Z,0") be Qg -totally continuous and V be Qg,"-open set in Z. Since g o f is Qg -totally continuous, (g
of) (V)= (g (V) is clopen in X. Since f is Qg,"- closed map, f( f (g *(V))) is clopen in Y. Then g (V) is Qg"-open in Y.
Hence g is Qg -irresolute.

Proposition 5.13: If f:(X, t") — (Y,c") is a totally"-continuous and g:(Y, t*) — (Z,6") is Qg -continuous then go f:(X, t°) —
(Z,5") is Qg "-totally continuous.

Proof: Let A be Qg -0pen subset in Z. Since g is Qg,"-totally continuous function. Thus
g (A) is clopen subset in Y. This implies that g "(A) is an open subset in Y. By hypothesis f is a totally*-continuous function,
then f(f™(g (A)) is closed subset in X. Therefore go f is Qg,"-totally continuous.
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