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ABSTRACT: In this study, a class of solvable standard quadratic congruence of composite modulus- an odd positive prime 

integer multiple of five, is formulated. Formulae are established successfully and are tested true with suitable examples. No 

need to use Chinese Remainder Theorem. Formulation is the merit of the paper. 
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INTRODUCTION 

     In this study, a solvable standard quadratic congruence of composite modulus- an odd positive prime integer multiple of five, 

is considered for formulation. I have formulated a lot of standard quadratic congruence earlier. I have tried my best to formulate all 

those quadratic congruence successfully; even some quadratic congruence remains to formulate. Here I shall consider one such 

standard quadratic congruence of composite modulus yet not formulated. It is of the type 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 5𝑝) , p being a positive 

prime integer.  

LITERATURE REVIEW 

Going through different books on Number Theory and also peeping into the literature of mathematics, no formulation is found for 

the said congruence. Only the use of Chinese Remainder Theorem [1] is discussed. Much had been written on standard quadratic 

congruence of prime modulus but no formulation is found [3]. A very short discussion is found in the book of Thomas Koshy [4]. 

He used Chinese Remainder Theorem for solutions. No one had attempted to do anything for the students’ sake. This pained me 

very much. 

 

NEED OF MY RESEARCH  

The use of Chinese Remainder Theorem is a very lengthy procedure. It is not a fare method for students in the examination. It takes 

a long time. Students must get rid of such method and should feel comfortable in solving such quadratic congruence. It is only 

possible if the problem is formulated. I have tried my best to formulate the problem. This is the need of my research.  

PROBLEM-STATEMENT 

Here, the problem is to formulate the standard quadratic congruence  

 𝑥2 ≡ 𝑎2(𝑚𝑜𝑑 5𝑝), 𝑝 ≠ 5, p being an odd positive prime integer. 

 Such congruence always has four solutions [3]. Here, I must try my best to find the formulae for solutions of the said congruence. 

ANALYSIS & RESULT (Formulation) 

Consider the congruence  𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 5𝑝); 𝑝 ≠ 5, (𝑎2, 5𝑝) = 1.  

 It is always solvable and the two obvious solutions are:  𝑥 ≡ 5𝑝 ± 𝑎 = 𝑎, 5𝑝 − 𝑎 (𝑚𝑜𝑑 5𝑝). 

Sometimes, we may have the congruence of the type: 𝑥2 ≡ 𝑏 (𝑚𝑜𝑑 5𝑝). 

It can be written as 𝑥2 ≡ 𝑏 + 𝑘. 5𝑝 = 𝑎2 (𝑚𝑜𝑑 5𝑝) for some positive integer k [2]. 

Then its two obvious solutions are 𝑥 ≡ 5𝑝 ± 𝑎 = 𝑎, 5𝑝 − 𝑎 (𝑚𝑜𝑑 5𝑝). 

We search for other two solutions as under:   
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Consider 𝑥 = ±(𝑝 ± 𝑎)  

Then, 𝑥2 = (𝑝 ± 𝑎)2 = 𝑝2 ± 2𝑝𝑎 + 𝑎2 = 𝑎2 + 𝑝(𝑝 ± 2𝑎) = 𝑎2 + 𝑝. 5𝑚,   𝑖𝑓 𝑝 ± 2𝑎 = 5𝑚 

Therefore, two other solutions are:   𝒙 ≡ ±(𝒑 ± 𝒂)(𝒎𝒐𝒅 𝟓𝒑), 𝒊𝒇 𝒑 ± 𝟐𝒂 = 𝟓𝒎. 

Also, consider 𝑥 = ±(2𝑝 ± 𝑎)  

Then, 𝑥2 = (2𝑝 ± 𝑎)2 = 4𝑝2 ± 4𝑝𝑎 + 𝑎2 = 𝑎2 + 4𝑝(𝑝 ± 𝑎) = 𝑎2 + 4𝑝. 5𝑚,   𝑖𝑓 𝑝 ± 𝑎 = 5𝑚 

Thus, other two solutions are:   𝒙 ≡ ±(𝟐𝒑 ± 𝒂) (𝒎𝒐𝒅 𝟓𝒑), 𝐢𝐟 𝒑 ± 𝒂 = 𝟓𝒎.   

There is no other possibility found.  

But, if (𝑎, 5𝑝) ≠ 1, then the congruence has only two obvious solutions. Because then, 

  𝑏 = 5𝑘 𝑎𝑛𝑑 𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒𝑙𝑦, 𝑝 ± 𝑎 ≠ 5𝑚; 𝑝 ± 2𝑎 ≠ 5𝑚. Hence, the second pair of solutions is not possible. And the said 

congruence must have the obvious pair of solutions. 

ILLUSTRATIONS 

Consider the congruence 𝑥2 ≡ 1 (𝑚𝑜𝑑 55) 

It can be written as 𝑥2 ≡ 1 = 12 (𝑚𝑜𝑑 5.11) 𝑤𝑖𝑡ℎ 𝑝 = 11 & 𝑎 = 1.  

Thus, the congruence is of the type 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 5𝑝) 

Then 𝑥 ≡ 5𝑝 ± 𝑎 = 55 ± 1 (𝑚𝑜𝑑 55) ≡ 1, 54 (𝑚𝑜𝑑 55) are the two obvious solutions. 

Also, (𝑎2, 5𝑝) = (1, 55) = 1. So, other two solutions exist. 

For these two solutions consider 

    𝑝 − 𝑎 = 11 − 1 = 10 = 5.2 = 5𝑚 

Thus, 𝑥 ≡ ±(2𝑝 − 𝑎) = ±(2.11 − 1) = ±21 = 21, 34 (𝑚𝑜𝑑 55) are the other two solutions. 

Therefore, the said congruence under considerations has four solutions 

         𝒙 ≡ 𝟏, 𝟓𝟒;  𝟐𝟏, 𝟑𝟒 (𝒎𝒐𝒅 𝟓𝟓). 

Consider one more example: x2 ≡ 16 (mod 85). 

It can be written as x2 ≡ 42 (mod 5.17) 

It is of the type 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 5𝑝)𝑤𝑖𝑡ℎ 𝑝 = 17 & 𝑎 = 4. 

Its two obvious solutions are 𝑥 ≡ 5𝑝 ± 𝑎 = 85 ± 4 = 𝟒, 𝟖𝟏 (𝒎𝒐𝒅 𝟖𝟓). 

Also for other two solutions, we see that 

 (𝑎2, 5𝑝) = (16, 85) = 1 𝑎𝑛𝑑 𝑝 + 2𝑎 = 17 + 8 = 25 = 5.5 

Hence other two solutions exist. 

 Those solutions are 𝑥 ≡ ±(𝑃 + 𝑎) ≡ ±(17 + 4) ≡ ±21 

≡ 21, 85 − 21 ≡  21, 64 (𝑚𝑜𝑑85). 

Consider one more congruence as per need: 𝑥2 ≡ 5 (𝑚𝑜𝑑 95) 

It can be written as 𝑥2 ≡ 5 + 95 = 100 = 102 (𝑚𝑜𝑑 5.19) 𝑤𝑖𝑡ℎ 𝑝 = 19. 

Thus, the congruence is of the type 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 5𝑝). 

Then 𝑥 ≡ 5𝑝 ± 𝑎 = 95 ± 10 (𝑚𝑜𝑑 95) ≡ 10, 85 (𝑚𝑜𝑑 95) are the two obvious solutions 

http://www.ijrti.org/


         © 2018 IJRTI | Volume 3, Issue 10 | ISSN: 2456-3315 
 

IJRTI1810026 International Journal for Research Trends and Innovation (www.ijrti.org) 158 

 

For the other two solutions, we see that (𝑎2, 5𝑝) = (100, 95) ≠ 1. 

Thus, the congruence has no other solution. 

Therefore, the above congruence has only two obvious solutions 

         𝒙 ≡ 𝟏𝟎, 𝟖𝟓 (𝒎𝒐𝒅 𝟗𝟓). 

 

CONCLUSION 

Therefore, we conclude that the congruence under consideration 𝑥2 ≡ 𝑎2(𝑚𝑜𝑑 5𝑝), p≠ 5, with (𝑎2, 5𝑝) = 1,  has four congruent 

solutions given by:  

Two obvious solutions are  𝒙 ≡ 𝟓𝒑 ± 𝒂 = 𝒂, 𝟓𝒑 − 𝒂 (𝒎𝒐𝒅 𝟓𝒑) 

And other two solutions are given in the followings ways: 

If p ± 𝟐𝒂 = 𝟓𝒎, 𝒕𝒉𝒆𝒏  𝒙 ≡ ± (𝒑 ± 𝒂) 𝒎𝒐𝒅 (𝟓𝒑) are the other two solutions. 

If 𝒑 ± 𝒂 = 𝟓𝒎, 𝒕𝒉𝒆𝒏 𝒙 ≡ ± (𝟐𝒑 ± 𝒂) are the other two solutions. 

But if (𝒂𝟐, 𝟓𝒑) ≠ 𝟏, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒄𝒐𝒏𝒈𝒓𝒖𝒆𝒏𝒄𝒆 𝒉𝒂𝒗𝒆 𝒐𝒏𝒍𝒚 𝒕𝒘𝒐 𝒐𝒃𝒗𝒊𝒐𝒖𝒔 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔. 

MERIT OF THE PAPER 

In this paper, a class of solvable standard quadratic congruence is formulated which was not formulated earlier. First time, formulae 

are established. No need to use Chinese Remainder Theorem. This is the merit of the paper. 
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