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ABSTRACT: A scholarly exposition of some frontiers of convex mappings in several complex variables, which seeks to give
an overview of the mathematical faith in theorems as they understand it as well as accessible summaries of its main features.
Relied on some of the greatest teachers and adepts to explain its essence. Our narrative weaves between the mathematical
concept concrete ideas and an attentive reading of the relevant scriptures and academic texts. We seek to arrive what the
reader will find in a lucid and reflective account of one of the world’s oldest and greatest faiths and its contemporary
existence.
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INTRODUCTION

The coefficient boondocks and the Growth and Distortion Theorems for arched capacities in a single complex variable are summed
up to a few factors. The holomorphic mappings considered are characterized in the unit ball or some other space of one of the initial
three established composes. Each mapping show cases its area onto an arched set in a one-to — one form. The organize elements of
each mapping have multivariable power arrangement about the birthplace. The most ideal upper boondocks are found for specific
blends of the coefficients of these power arrangement. On the off chance that the space is the unit circle in the plane, these
wildernesses diminish to the traditional coefficient gauges for curved capacities. As an application, these coefficient boondocks are
utilized to get the most ideal upper and lower outskirts on the development of the size of each mapping as far as the extent of the
autonomous variable. Likewise, gauges on the extents of different subordinates of each mapping are found.

Beginning with strategies which are standard for the Loewner hypothesis of arched elements of one complex variable [3], we will
stretch out that hypothesis to a few factors. A portion of our outcomes have been in combined freely, utilizing diverse strategies, by
T. Suffridge [5] and T.S. Liu [2] and J. Pfalzgraff.

1. Notation. We will use the following standard notation for several complex variables. A point in C"will be denoted by a column
vector.

21

22
=

Zn

and a mapping f(z) from C" to C" will be denoted by

fi(z)
fo(2)

fal2)

where each coordinate function fi is a function from C" to C. The complex Jacobian of f at z, that is,

826’ pg=1
will be denoted by Ji(z).

We will consider normalized convex mappings from C" to C". A convex mapping is a mapping with range a convex set.
Let f(z) be a one-to-one convex mapping from

B" = {z: |z| = \/|21§2 +lz?+ ...+ |zl < 1}

into C". We wish to normalize f(z) so that f (0) = 0 and J¢(0) = I,, the n-dimensional identity matrix. Note that this can be done
because since f is one-to-one, J+(0) is invertible. The normalization takes place by a complex affine transformation, Jf(0) “[f(z) —
f(0)]. This complex affine transformation preserves the convexity of the range. Then f has the form

f(z) =
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(4 5 a0

[pl>1

2+ Y dPz”
JE =1 T

Zn + Z d.’ﬁ,“}zp

lpl>1

where the sums are over vector indices p = {p1,p,......, Pn) With |p|= p1+...+pn and 2 = zP'Z0% .. 22" | with each pc a
nonnegative integer.

2. Some best possible frontiers for convex mappings.

LEMMA 2.1. Let f(z) be a normalized mapping from B" to C" of the above form. Let 1 <r<n,m>1,and m € Z. Then

1d(m0 o <1

211.'t

Proof. Let = e'm . since Y., ekt = m if m divides k and =0 otherwise,

ZEEt

m—1 0 o0 (r) )
f . = (m Z d(ms,ﬂ,--- ,OJZi)

t=0 : \ s=1 r

0
where r runs from 1 to n, and indicates the components of the vector. Let
hl(zl) zlﬁaf
ha(z1) 1 ol 0
h(z1) = . =1 =>f
: moi—o :

ha(z1) 0

The right side is defined for it is the inverse image of a convex conglomeration of points in the convex range of f. The initial term
of the r-th component of h(zy) can be found by observing that since f behaves near the origin like the identity mapping, so does f -

L Thus, h(z)=din o o7+ )y € B™

Hence the component function hy(zy) is an analytic function from the unit disk to itself with h.(0) = 0. Since h(z1) € B",
|h(z,)|? <L.
Let

g(z1) = €9 hy(20) 4 .+ €9 by (2)?

0 ]

Consider & 1) . The initial terms of the series put under the scanner expansion for hi{z1), we visualize that the singularity o

1l

fQ(Zzl) at
z1

the origin is removable

For any given 0 <& < 1, consider |z;| =1 —% ¢ . Then % < 1 + ¢. Radiated by the maximum principle, this inequality
holds for |z,| -1 — i €. In particular, at z; = 0,
L 2
Zewr (dgz,o,...,a)) Sl4e.
re=1

Choose y,... ,©, so that

- (o) | = e

Since the former expansion is < 1 + ¢ for all 0 < g < 1, the last conglomeration of coefficients is < 1, as claimed.
We now estimate the growth of f.
PROPOSITION 2.1. Let f(z) be a normalized convex mapping from B" into C". Let U be a unit vector, and let 0 <r < 1. Then

LA

(m,0,..

Fi ]2

Proof. Rotate the domain so that
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21
0
rU=| .
0
By the triangle inequality
2
21
Al =l S dp, a0 o
: (k,0,...,0)“(p,0,...,0)<1 <1
. r=1k,p=1
0
=2 E_ o....)| [€ro....op| 11+
= Z ( Z (Z dEZo 0)| dﬁf&,m,m])) |z1]™
m=2 \ k+p=m,k,p>1 \r=1

Radiated by Cauchy’s inequality;
3 )
S0l o<

By Lemma 2.1. Hence
2

,o)|<1

diko...|

1
0

NS> >

m=2 k+p=m, k,p>1

oo

— Dz [k = EN
=Lk Dlal" = g -

Taking the square root, we obtaln
1
Pl g | ey
1 — |z
0

And the conclusion of the proposition.
Note that this upper bound is attained by the following mapping :
<1

1-2
221

fle)=1-=

Zn

1- 1
This mapping can be understood as follows: Consider the Cayley transform of the ball onto the generalized half plane. Clearly that
transform is convex. In the pursuit normalization, it is f(z) and is still a convex mapping. [1]
PROPOSITION 2.2. Let f(z) be a normalized convex mapping from B" into C" . Let U be a unit vector, let 0< r < I, and let t be a
positive integer. Then

!

12
’DUf(TU)‘ < A=

Proof. It can be assumed that

<1

rU =

Then
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ot 0 noleE 2
sl ||| = X e o =) (k4 1)
d r=1 k=t
0
= ; (g k(k —1)...(k—t+1)d{y oz f)

p=t

Spp—1)...(p—t+ l)dﬂn,...,o)zi”)

—Z Zk (k=t+1p...(p —t+1)d§£?o,...,u)dﬁr) oA 2

r=1k,p=t

By the triangle inequality,

sznt > k(= 4 pe(p -t 41

r=1 k,p:

(1o....0)| |4, ..o | 121 FH77

=Y Y kit Up (- t41)

m=2t k+p=m, k,p>1

|2 |2 i} |d§20,...,0)| ’dg)o ,0)} -

By using Cauchy’s inequality, one can see that

<Y kbt 4Dp(p—t+ 1)l

m=2t k+p=m, k,p>t

(S oS

By Lemma 2.1, each of the radicals is bounded by one.

< Y ke (k—t4Dp(p -t D

m=2t k+p=m, k,p>t

B ((1 - vinm)z '

Taking the square root of both sides of the inequality, we obtain the desired estimate. Again these estimates are best possible since
the normalized Cayley transform attains the upper bound at each point of the polar ray.
For the next result, we need the following lemma.
LEMMA 2.2. If f(x) is continuous on [a,b] and
lim inf fz+4) = I(=) >0
A—0t A

for each a<x <b, then f(b) > f(a).

d(T)

(0, 0)|2 )

Proof. Consider g(x) = f(x) + ex for x in [a, b] and ¢ a positive constant. Then

liminf dEFA) =9@) e fEt A Fele+ A) = flz) —ez
A=t A A—0+ A
imin LEFA) @)
A—0+ A

Let ¢ be a point where g( x) attains its maximum value. Suppose that ¢ < b. Since
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A) —
liminfdlet &) —9(e) _
A—Ot A
for A > 0 and sufficiently small, g(c + A) > g(c), which contradicts the maximality of g(c). This implies that g has maximum value
atb, and g(b) >g(a). Thus f(b) + b > f(a) + ca. Take the limit of both sides as ¢ approaches 0 to obtain f(b) > f{a).

PROPOSITION 2.3. Let f(z) be a normalized convex mapping from B" into C". Let U be a unit vector, and let 0 <r < 1. Then

[f(rU)| 2 .
147
Proof. Note that f can be multiplied by a constant complex unitary matrix without changing the conclusion. Assume that f is a
convex mapping from B" to C", with f(0) = 0, and with  J ¢ (0) unitary.
By rotating the domain, we can let
a
0

r

0
with a > 0, be a point in {z: \2\ = 1} at which \f(z)\ is minimized. Since Jf (0) was only assumed to be unitary, we can also rotate the
range so that

0
a f1 .
0
fl.1= 0
: 0
0 :
0
By the minimality of
a
0 afy
f S I
0
Fork=2,3,...,n, Thus
“ o
0 fl 0. 0
Jrl. | = | 9=
: * L. Xk
0
And
a 1
0 0
J_l 0 8 1
f : - 1
0 * *

a —a
0 0

0 to ) and . to 0
0 0

Then
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Zp —a
1—azn
23v/1 — a?
o) = | Tam | and
zﬂxfl-—fﬂ
1—axn
1
1 —a? 0 0
1 0
J;1(0) = vi—a?
N
V1 —a?
Now normalize the mapping. Let
0 0
(4] 0
1
1 — a2 (1) 0 1
_ 0 — 0 («9f1 0 0)
: : 9z
1 * *
0 0 . \/_1 —
a
0
fi
fo LPa(g) - 0
0
0
Then
( a
0
-fi].
—a
0 0
Fl .=, _ 291
: (1-a )3—
0 , A
\ o+ )

The mapping F(z) = 0, is a normalized convex mapping, because F(0)=0, J-(0)= 1, and this normalization process preserves the
convexity of the range. Thus by Proposition 2.1,

Since
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And
t
a 0 1
El‘)g h : 2 aita)’
0
where the last partial derivative is with respect to the real variable t and the expression is then evaluated at t = a. Then
( a 7
H 0 0
i | #0 and hl.
(921 : N
0 0
is locally conformal near z; = a. By the minimizing choice of the point
t
9h |0
a ot |
0 0
o a
0 0
nl.
0
Is real and positive. Hence
t i
o 0 o 0
5 lOg fl = 'S—t' IOg fl
0 0
Att=a, and, at t= a,
t £\ |°
d 0 19 0 1
—1 =|-—1 > .
TR ¥t e B R ey
0 0

min

Letq(r) = log|zf (z)]. For any zo with |zo|=r , where the minimum is attained, and for any # > 0,

Jmin - log|f()] > glr) +(1 - n)dr (T(lir))

z X -
”’“(|z|’ﬁ§r>>l !

For & , Ar > 0 and both sufficiently small.

Note that the subset of {z: |z| = r} on which the minimum of log |f (2)| is reached is compact. Thus that set of points can
be covered by finitely many open spherical caps of  {z: |z| = r} so that the inequality holds on the related spherical caps on the
sphere {z: |z| = r + Ar}. Let Arg be the minimum of the finite number of Ar used. Outside the union of these spherical
caps, log |f(z)| = g{r) + a for some fixed a, where q(r) + a is the minimum of log |f(z)| on the compact set which is the
complement of the union of the above open sets. By continuity, a similar inequality holds on the corresponding subset of
|z] = r + Ar. Therefore,

lz|=7

a(r+ A0 2 4(r) + (L= mar ()

for Aro>Ar > 0. Thus
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(A —g(r) 1

A}-i-i%+ m Ar T r(l+r)
Then
r dx
Q(r) = q(r) —fs 20172

satisfies the hypotheses of Lemma 2.2 for ¢ > 0, and it follows that Q(r) >Q(c) and hence

)= ate)> [y = [ [+ sl

And

q(r) —q(e) 2 log{l_irlje]

Since ¢(r) = lrlllinlog jf(z)j, q(s) =e+...,and

s 4 = 1w (57) (1)

For |z| =r. Thus

log;!%.(i)l + loge > log (lrj) (1 Z_E) +loge

Allow ¢ to approach 0, and exponentiate both sides to obtain |f (z)| >( r/(1+r)).

COROLLARY 2.1. Let f (z) be a convex function from B". Then f covers the ball of radius 1/2.

Again, the normalized Cayley transform demonstrates that Proposition 2.3 and Corollary 2.1 give the best possible results.

3. Other frontiers for Convex Mappings. The same method can be used to estimate other useful combinations of coefficients. For
completeness, we will give some of these results even though they are not necessarily the best possible frontiers.

LEMMA 3.1. Let f(z) be a normalized convex mapping from B"into C". Then

" - 2
Z Id§1\c)f,1,0,...,0)| <e(N+1)

r=1
For N a nonnegative integer.
Proof. Frst consider the case when N = 0. Then

n . 2 n
dEAJf,l,u,...,o)J = Z

)

r=1 r=

40 ]2:1.

(0,10,...,0)

Now consider N > 1. Since f has convex range, its range includes the points

€ 4N 2y
—2mk
1 421\!: e 4+ Z9
Pz, 22) = 2 f
4N k=1 0
0

We will consider the contribution of terms of the multiple power series expansion of the coordinate functions of f to the coordinates
of the sum P(z1,2).
For terms of f which consist only of a constant, c;, times a power, p, of the first coordinate variable, the contribution to P(z1,20) is

4N ‘
1 2mik 4
- 1 (6 4N 21) .

4N k=1
Recall that
1 & 2mip
—_— e &N
AN =
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is 1 if p is an integer multiple of 4N and O otherwise. Thus the only terms of this form which contribute to P(z1,z2) will be those for
which p is an integer multiple of 4N. Similarly, for terms of f which consist only of a constant times a power, q, of the second
coordinate variable, the contribution to P(z1,22) is 0 unless q is an integer multiple of 4.

For mixed terms of f which consist of a constant, c,, times the first coordinate to a power p and the second coordinate to a power
g, the contribution to P(z1,2,) is

] N 2mik P =2mk 2mik(p—Nq)
W () (6 N Zl) (6 E ) ZCQS N 2122 .
k=1

This sum if 0 unless p — Nq is an integer multiple of 4N. We will consider z2 = 0 (|z; |V ) and will look at terms of the series
expansions which are at least 0 (|z;|?" ) as z; — 0. We will not consider mixed terms with ¢ > 1 or p > 2N — 1 because such
terms are 0 ( |z, |?" ) Therefore the only mixed terms that will contribute to P(z1,z;) are those with g = 1 and p =N. Thus

1
dgf\;.l,ov...o)z{vzz + o (|21|2N)

P(z1,22) = :
dgnN)lo ISEAETE N (iZIIZN)
Then 1 (P(z1,22) ) is defined and in B" and equals

1
d{f\},l,o,...,0)31NZ2 to (|31|2N)

dgnN),l,o,...,o]ziV@ to (|21,2N)

The sum of rotations of the squares of these coordinate functions will have magnitude less than one.
Let

gion [V 2
q(z1,27) = €' [dgNm, ‘O)zivzri—...] +...

Feten [d&)m' 0 )zl Zy + . ]2

[Ejewr( Nlo,.m) ANaf + o (1)

Note that g maps B? into the unit dISk For a fixed ¢ > 0, let z; = cz!. Then consider
q(21,¢2) (A 2
Q)= Lo = [Z ¢ (A 10...0) | +o(1)
r=1
Notice that Q(z) has a removable singularity at z; = 0. Consider that singularity removed. By the maximum principle in one variable,

1Q(0)] < :

sup(zl,czl )EW |C| |21l4N

W'( (N,1,0,. ,))2 <

Since c does not appear on the left side of the preceding inequality, we are free to choose c. Let

(N + 1)N-1
NN
Then the monotonicity of the right side implies that, if we formally consider the supremum over points (z1, ¢z )in the closure of
B?, the supremum is obtained on the boundary of the closure of B2, |z;|? + c? |z;|*N < 1. The left side of the preceding inequality

is monotonic in|z, |, thus there is equality at only one value of |z;|. One value which makes it an equality, and therefore the only
solution, is

That is,
1

Dty 1P Al

] = 4o

N+1
Then

10(0)] < (N +1) (%)N

Thus
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i 2| _ (N+1)VH!
Zew (d(mo...,o)) NV
Choose @s,... ,(pn SO that
2 n 2
1oy _ (r)
Z ¢ ( (N,1,0,...,0 ) = Z ‘d(N,l,O,..,,O)’
r=1 r=1
Then
(N+1)N+1 _ L N
> 1s—fmr~_P+A (N +1)
_ 1 NN-1) L L
w{1+NN+ 5 yite +NNJ(N+1)
<e(N+1).

Note: The above value for c is the best choice for c in the preceding proof. This can be demonstrated as follows:
Fix any ¢ > 0. Then the monotonicity in |z, | of ¢ |z, |*" implies that

21 14N
sup ||
(zl‘cz1 )EB’
is attained on the boundary of B2, that is, where |z;|? + c?|z;|*" = 1. At such a value of |z,
(1) HaN = a1 - |z

The right side of equation (1) has a fixed value since |z, | is determined by the point being on the boundary of B2, Then allow |z |
to vary in [0,1], and the maximum value of the right side of equation (1) will be greater than or equal to the actual value found using
the fixed c. The (maximum ceiling) mentioned above will be attained when the derivative of the right side of equation (1) equals 0.
(The endpoints give a value of 0, and are therefore ruled out.) The derivative is 0 when

al =
72| = o
1 N+1w

and then we obtain the same value for the right side of equation (1) as when we chose

(N + 1)1\’—1

NN

in the proof of the lemma. Thus the proof of the lemma yields the best possible result for this method of proof. Now Lemma 4.3
will be used to study directional derivatives.
Let Dy f(z) be the directional derivative of f(z) in the direction of the unit vector V. For U and V unit vectors, define U orthogonal to
V by orthogonality as complex vectors, that is, (U, V) =
PROPOSITION 3.1. Let f(z) be a normalized convex mapping from B" into C" Let U and V be unit vectors with U orthogonal to V
as complex vectors, and let 0 <r < 1. Then

el/?
< —_
|DVf(rU)I — (1 _ 7’)3/2
Proof. We can assume that
0
. 1
U=1|. and v=10
0 0
Then
2
<1
a 0 n [e%s} (r 2
8—22f : = Zl ]gd(iz,l 0,...,0)%1
0
Z Z d}ll 0,. ,U)dE;?l,O,...,O)ZiCZ—f
T: p:
Z 2 dﬁ)x 0,. ,o)l JdggLo,.,.,o)l !leklzl s

By the triangle inequality,
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d&w |

- i::()k+ Zk >og:1
<y \zllm\[z

m=0 k+p=m, k,p>0

(p,10,. B)“lem

s

4" ’0)!2

(p,1,0,...

By Cauchy’s inequality

i Z e\/k+1\/m—k+1]zllm

0 k+p=m, k,p>0
By Lemma 3.1

< )o.j \JZ (k+1) \}i(m—-kﬁ-lﬂzdm

2t e e L

Taking square roots of both sides, we obtain the desired results.
PROPOSITION 3.2. Let f(z) be a normalized convex mapping from B" into C". Let U be a unit vector, and let 0 <r < 1. Then

n—1
|det J;(rU)| <

e
(1= r)BntD/2

Proof. Assume

21
0
rU = .
0
Then
a 1
—frU)| € ———,
lef( )‘ - (1 - |Zli)2
And
ad e2
)| € ——=
szf( )< (1= |z])32
for k = 2,..., n. These are frontiers on the lengths of the columns of J 1, thus
1 e(n-1)/2 o(n-1)/2

< = .
|det Jf(TUN = (1 _ |21‘)2 (1 _ |21|)3(n—1)/2 (1 _ Izl‘)(an-i-l)/z

4. Convex Matrix Mappings. Now we will consider mappings from the classical domains. Let f(z) be a one-to-one biholomorphic
mapping from R, into C™" , where m < n and

Ri={zeC™. ™ _zT>0} [4]
where M > 0 means that the matrix M is positive semidefinite. For every matrix M € C ™", define the matrix norm of M by

M) = max MU
UeCr |U|=1

Lemma 4.1. Let f(z) be a normalized convex mapping from R, into C™" . Fix

2,0...0...0
0 zgz... 0 ...0
L=1. ., .o
0 O NP A |
with matrix norm ||z, ||= 1. Thenfor all £ € D, theunitdiskin C, {z €R,.
Let g(0) — f(z0) =Xm=1 D,’lk ™ ,with defined as the coefficient {"in the jk-th entry of g. Then for fixed g and j ,

En: 1D§‘°|2 <1,
k=1
211

Proof. Lete = e a ,and let
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1!

Wo)=£ (E ggwc%)) =f (i Di’:ﬁ”) = (D40,

t

(Note that pq is a product, unlike jk.) This is well-defined because the range is convex. Then for a fixed j, since 4({) € R,,

; lhie(O < 1.

Let k;(¢) = A%, (C)es + h%(C)ef®r + . ..+ h2, ({)e .

Given any| e=0,for || <1— i,

ki(€)

<

= 1l4e, thus

3 et (n;*)“i <1+e.
k=1
Choose ¢ ji,... ,@jn SO that
i: e"*’J* (ng)z
k=1

|2

™
=3 |y
k=1

Since i 'nglz <1+ e for any € > O, i ‘ng‘z < 1.
k=1 k=1
PROPOSITION 4.1. Let f (z) be a normalized convex mapping from R; into C™". Then

e < v

Proof. Consider a nonzero z in R;. There exist unitary matrices U and V such that UzV is of the form of zo above. There is a positive

b such that bUzV has norm 1. Then T F(UwV)V" s a normalized mapping. Thus we can rotate z by unitary transformations to ¢
20, Where € C, and

Has ||zol| =1and {zo €Ry orall € D. Letg ({) =f({zo) = Z;’f:ngk ¢P for || < 1.
By definition,
2

(O =3 3|3 D
22 () (57

=1
z ’ngl ]Dg'k‘ |C|p+q
By the triangle inequality.

“YYY T oo

7=1 k=1 r=2 p+q=r,p,q>0

“Yer T L3 | oy

r=2 p+q=r,p,0>0 j=1 k=1

S % id > D%“\”\J > o[

r=2 ptg=r, p,g>0 j=1

By Cauchy’s inequality
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silcl’“ Y m

p+g=r,p,q>0

—m Y= )T

r=2

[4&
1-n

For{zo=12,|¢| = ||z||, and g(¢) =f(z). Then
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PROPOSITION 4.2. Let f(z) be a convex mapping from Ry into Cinxn . Let g be a positive integer. As in the proof of Lemma 4.1above,
fix such a zo and let g(¢) = £ (Cz0) = X%, D2 ¢ for |7] < 1.
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By cauchy’s inequality, and by Lemma 4.1, this is
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For [¢] = Izl
dig q!
I« -
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Note that these results extend easily to the classical domains Ry, and Ry .

Summary. Adhering to a standard method from one variable, we have infused some of the geometric theory of convex functions
to convex mappings in several variables. For mappings of the ball in C"and for mappings of the first classical domain onto convex
sets, we have found frontiers on certain combinations of coefficients. Categorically the work carries over to Ry, and Ry These
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estimates yield frontiers on the growth of the mappings and estimates on radial derivatives. All these estimates crusades to the best
possible. The same coefficient estimate embraces estimates on other combinations of coefficients and on quantities such as the
Jacobian. For these, the estimates are apparently not the best possible.
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